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Entanglement in quantum measurements

Entanglement
• EPR 
• Schmidt (partial entanglement)
• Werner (mixed states and noise)
• GHZ, W,… (multipartite)

Joint measurements
• Bell
• GHZ
• Partially entangled (???)
• High dim, multiparty,…. (???)

We lack canonical examples



Entanglement properties of 
states

Correlations between subsystems
of a single source

Entanglement in measurements

Correlations between different 
independent sources 

Examples: EA PM, MDI quantum 
cryptography, networks,…

Joint measurements in correlations
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Network nonlocality
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Bell state measurement:
Entanglement swapping

Elegant joint measurement:
Genuine network nonlocality
Twisted Bell state measurement:
Randomness without inputs

GHZ measurement:
Conference key agreement
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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ment. The local Bloch vectors of the EJM basis point to
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The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
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tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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FIG. 2. Illustrations of network Bell scenarios. (a) The standard Bell scenario, with two parties that share a common source. This is the simplest
scenario for studying nonlocality and it is the focus of previous reviews [2, 3]. (b) The bilocal scenario, where two extremal parties each share
a source with a central party. This is the scenario that underlies quantum repeaters. (c) The triangle scenario, with three parties are connected
to each other through bipartite sources. (d) A more complex network with cycles, multipartite sources, and conditionally independent parties.

a crucial conceptual difference: they feature more than one
source. Each source in a network, labeled i=1, . . . ,m, is as-
sumed to be independent from the rest. Although most of the
works surveyed in this review consider networks with only bi-
partite sources, it is equally permissible to consider sources
that emit more than two subsystems. Notice that this assump-
tion of source independence is irrelevant in standard Bell sce-
narios since these only involve a single source. This has direct
implications in the interpretation of what the local variables
represent. In standard Bell scenarios one may either view the
local variable � as a physical influence carried with particles
due to a shared past (this is Bell’s original interpretation [1]) or
as a free and unlimited resource of shared randomness made
accessible to the parties. However, in network Bell scenarios,
due to the presence of independent sources, one can no longer
consider the two interpretations equivalent: global shared ran-
domness is no longer a free resource. In this sense, network
Bell scenarios are more restricted than their traditional coun-
terparts.

While the independence of the sources in general consti-
tutes an additional assumption, it is arguably a natural one
when considering distant sources that are built and operated
separately. Each source distributes shares of a physical sys-
tem to a given subset of the parties present in the network.
Therefore, some parties can hold several, initially indepen-
dent, shares originating from different sources. The manner in
which sources connect the parties can be described as a set of
relations i! j indicating that source i emits a share to party j.

The parties, labeled j=1, . . . , n, choose, freely and indepen-
dently, inputs xj based on which they apply a measurement to
their system share(s) and obtain an outcome aj . In the limit
of many rounds, this gives rise to correlations in the network
that are written p(a1, . . . , an|x1, . . . , xn)3. In Figure 2 we il-
lustrate a few examples of network Bell scenarios.

In local-variable models for the correlations in the network,
the independence of the m sources is manifested by associ-
ating a stochastic local variable, �i, to each of them. The
outcome of party j is modelled as a stochastic response con-
ditioned on their input xj and the local variables that they have
received. Naturally generalising Eq. (2), the local correlations
achievable in a network take the form

p(ā|x̄) =
Z

d�1µ1(�1) . . .

Z
d�mµm(�m)

⇥ p(a1|x1, �̄1) . . . p(an|xn, �̄n),
(5)

where ā=(a1, . . . , an), x̄=(x1, . . . , xn), �̄j denotes the col-
lection of local variables received by party j and µi(�i) de-
notes the probability density of �i. These models are called
network local models. The independence of the sources is
the key feature of the above definition, which distinguishes

3 For networks with three parties (as in Figures 2b and 2c) we typically use
the handier notations x, y, z to denote inputs and a, b, c to denote outputs.
The probability distribution is then written p(a, b, c|x, y, z).
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outcome of party j is modelled as a stochastic response con-
ditioned on their input xj and the local variables that they have
received. Naturally generalising Eq. (2), the local correlations
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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[13]. Here, we focus on the qubit case, showing how the
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We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
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tion, this directly implies that it is locally encodable[14],
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EJM basis can be written |ωi→ = UA
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A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
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This leads to the following definition1
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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FIG. 2. Illustrations of network Bell scenarios. (a) The standard Bell scenario, with two parties that share a common source. This is the simplest
scenario for studying nonlocality and it is the focus of previous reviews [2, 3]. (b) The bilocal scenario, where two extremal parties each share
a source with a central party. This is the scenario that underlies quantum repeaters. (c) The triangle scenario, with three parties are connected
to each other through bipartite sources. (d) A more complex network with cycles, multipartite sources, and conditionally independent parties.

a crucial conceptual difference: they feature more than one
source. Each source in a network, labeled i=1, . . . ,m, is as-
sumed to be independent from the rest. Although most of the
works surveyed in this review consider networks with only bi-
partite sources, it is equally permissible to consider sources
that emit more than two subsystems. Notice that this assump-
tion of source independence is irrelevant in standard Bell sce-
narios since these only involve a single source. This has direct
implications in the interpretation of what the local variables
represent. In standard Bell scenarios one may either view the
local variable � as a physical influence carried with particles
due to a shared past (this is Bell’s original interpretation [1]) or
as a free and unlimited resource of shared randomness made
accessible to the parties. However, in network Bell scenarios,
due to the presence of independent sources, one can no longer
consider the two interpretations equivalent: global shared ran-
domness is no longer a free resource. In this sense, network
Bell scenarios are more restricted than their traditional coun-
terparts.

While the independence of the sources in general consti-
tutes an additional assumption, it is arguably a natural one
when considering distant sources that are built and operated
separately. Each source distributes shares of a physical sys-
tem to a given subset of the parties present in the network.
Therefore, some parties can hold several, initially indepen-
dent, shares originating from different sources. The manner in
which sources connect the parties can be described as a set of
relations i! j indicating that source i emits a share to party j.

The parties, labeled j=1, . . . , n, choose, freely and indepen-
dently, inputs xj based on which they apply a measurement to
their system share(s) and obtain an outcome aj . In the limit
of many rounds, this gives rise to correlations in the network
that are written p(a1, . . . , an|x1, . . . , xn)3. In Figure 2 we il-
lustrate a few examples of network Bell scenarios.

In local-variable models for the correlations in the network,
the independence of the m sources is manifested by associ-
ating a stochastic local variable, �i, to each of them. The
outcome of party j is modelled as a stochastic response con-
ditioned on their input xj and the local variables that they have
received. Naturally generalising Eq. (2), the local correlations
achievable in a network take the form

p(ā|x̄) =
Z

d�1µ1(�1) . . .

Z
d�mµm(�m)

⇥ p(a1|x1, �̄1) . . . p(an|xn, �̄n),
(5)

where ā=(a1, . . . , an), x̄=(x1, . . . , xn), �̄j denotes the col-
lection of local variables received by party j and µi(�i) de-
notes the probability density of �i. These models are called
network local models. The independence of the sources is
the key feature of the above definition, which distinguishes

3 For networks with three parties (as in Figures 2b and 2c) we typically use
the handier notations x, y, z to denote inputs and a, b, c to denote outputs.
The probability distribution is then written p(a, b, c|x, y, z).
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-

surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low

entanglement cost for local implementation. It plays a central role in quantum networks exhibiting

nonclassical correlations and serves as a paradigmatic example of an entangled measurement with

local structure. Despite its significance, generalizing the EJM beyond two qubits has remained

unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally

symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select

the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer

structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,

the structure of entangled measurements—and their

role in quantum protocols-remains comparatively under-

explored [1]. The Elegant Joint Measurement (EJM) pro-

vides a concrete and highly symmetric example of such a

measurement, where entanglement coexists with strong

local structure.

The EJM was first formally introduced in Ref. [2],

though it appeared in earlier forms in di!erent contexts

[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit

observable along Bloch vectors εmi pointing to the vertices

of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same

degree of entanglement. It is only partially entangled,

so it has both nonlocal and local structure. Remarkably,

this local structure is, in a sense, maximal: the qubit

marginals point to the vertices of a regular tetrahedron

on the Bloch sphere, forming a symmetric information-

ally complete (SIC) set [4]. Furthermore, the EJM is one

of the few two-qubit measurements that can be e”ciently

localized—i.e., implemented via local operations at low

entanglement cost [5].

This symmetry and geometric structure give rise to

several notable applications. In particular, it generates

the so-called Elegant Distribution in the triangle net-

work [2], which exhibits genuine network nonlocality—a

form of nonclassical correlations irreducible to Bell non-

locality [6–9]. The EJM has also been used in bilocality

tests [10–12], quantum teleportation [13], and the study

of measurement incompatibility [14]. These properties

have established the EJM as a benchmark example of

an entangled measurement, especially in the context of

quantum networks.

This motivates generalization—either to higher-

dimensional systems or multipartite settings. Several at-
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tempts in this direction have been made and progress

has been achieved in higher dimensions [15]. However,

these e!orts have faced persistent challenges: paramet-

ric extensions are very challenging, and some features do

not generalize straightforwardly due to the complexity

of multiparty entanglement [16]. Despite the interest it

has attracted, a clean and operationally meaningful ex-

tension of the EJM to more than two subsystems has

remained elusive.

Here, we take a di!erent approach. We begin by ab-

stracting the EJM as a special member of a family of

locally encodable [17, 18] bases characterized by tetrahe-

dral symmetry, which we define for an arbitrary number

of qubits. A detailed exploration of this family (including

a higher-dimensional generalization) is presented in [19].

Here, we show how the EJM—and its generalizations to

more qubits—emerges as the e”ciently localizable tetra-

hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give

a schematic form for the multiqubit case. Each n-qubit

EJM basis vector can be written as

|ω→ =
∑

s→{±}n
cs

∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
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so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
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cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.
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can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X, Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences

FIG. 1. Local Bloch structure of the Elegant Joint Measure-
ment. The local Bloch vectors of the EJM basis point to
the vertices of a regular tetrahedron: ωm1 = 1→

3
(1, 1, 1), ωm2 =

1→
3
(1, →1, →1), ωm3 = 1→

3
(→1, 1, →1), and ωm4 = 1→

3
(→1, →1, 1).

tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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dral direction of qubit l, and denotes one of the four

tetrahedral directions ωml. Crucially, while the tetrahe-
dral directions vary across the basis, the coe!cients cs
are fixed. Indeed, while a single state can always be writ-
ten in this form, enforcing it simultaneously for an entire
orthonormal basis is highly non-trivial.

II. EJM AS A GROUP-ORBIT BASIS

We begin by highlighting two key structural properties
of the EJM.

First, the EJM is iso-entangled: all basis states have
the same degree of entanglement. By the Schmidt de-
composition, this implies that the basis is locally encod-
able [17, 18]; that is, each basis state can be obtained
from a fixed fiducial state, which we may take to be
|εEJM→ ↑ |εEJM,1→ in (1), via local unitaries. Explic-

itly, there exist qubit unitaries U (1)
j and U (2)

j such that

|εj→ = U (1)
j ↓ U (2)

j |εEJM→.
Second, the EJM exhibits specific local symmetry: the

reduced Bloch vectors of each qubit align with the ver-
tices of a regular tetrahedron. This symmetry is gen-
erated by single-qubit Pauli operators ↔X, Z→ acting on
each qubit1.

Together, these properties imply that the EJM forms a
group-covariant orthonormal basis: the orbit of a single
fiducial state under a finite symmetry group. Specifically,
the abelian order-four group

G(2)
tetra ↑ ↔X ↓ X, Z ↓ Z→ , (3)

generates the full basis from |εEJM→.
Importantly, while the group G(2)

tetra enforces local
tetrahedral symmetry it does not specify its specific ge-
ometry: depending on the fiducial state, the local Bloch
vectors may form any disphenoid (a specific type of tetra-
hedron with pairs of opposite edges of equal length) [20],
e.g. a regular tetrahedron, a distorted one, or a planar
rectangle. In other words, while the group always en-
forces tetrahedral symmetry, it also stabilizes a variety
of other local configurations and the actual geometry is
co-determined by the fiducial state.

In what follows, we abstract away from the EJM itself
and consider a family of orthonormal bases generated as

group orbits of G(2)
tetra. Our goal is to characterize all such

bases and identify how the EJM arises as a distinguished
member within this family.

III. QUBIT TETRAHEDRAL BASES

To define a natural n-qubit generalization of tetrahe-
dral bases, we impose two structural requirements on

1
Here, →·↑ denotes the group generated under composition.

its symmetry group: (i) local encodability via tetrahe-
dral single-qubit orbits, implemented by the Pauli group
↔X, Z→, and (ii) a global abelian group structure acting
on the full basis.

These constraints specify (up to local Cli”ord equiva-
lence2) the symmetry group

G(n)
tetra ↑

〈
Z(i)Z(i+1), X→n

〉
, (4)

where Z(i) acts on qubit i, and i runs from 1 to n ↗ 1.
The group is abelian of order 2n, and every Pauli operator
appears locally.

We define a qubit tetrahedral basis as any orthonormal
basis obtained from the orbit of a fiducial state |ε→ under

the group G(n)
tetra:

B =
{

Ug |ε→
∣∣ Ug ↘ G(n)

tetra

}
, (5)

with the additional requirement that ↔ε|U†
gUg→ |ε→ =

ϑg,g→ . Since G(n)
tetra decomposes into 2n one-dimensional

irreducible representations, orthonormality holds when-
ever |ε→ is an equal-weight superposition over their
eigenspaces. This follows directly from Schur’s lemma
[19].

To construct these bases explicitly, we use that G(n)
tetra is

isomorphic to Zn
2 and can be generated by the commuting

Paulis

↔Z(1), . . . , Z(n↑1), X(n)→ ≃= G(n)
tetra. (6)

Its simultaneous eigenbasis is the product basis
|z1, . . . , zn↑1, x→ ↑ |ωz, x→, with zi, x ↘ {0, 1}.

To relate this representation to the representation

G(n)
tetra defining the tetrahedral basis, we introduce the

unitary

S(n) = CNOT(2↓1) · · · CNOT(n↓n↑1), (7)

where CNOT(c↓t) denotes a CNOT gate with control
qubit c and target qubit t. This circuit maps the product

eigenbasis to one that diagonalizes G(n)
tetra.

It follows that, for any choice of phases ϖωz,x ↘ R, the
orbit of the state

|ε→ =
1

2n/2

∑

ωz↔Zn↑1
2 , x↔Z2

eiεωz,x S(n) |ωz, x→ (8)

defines an orthonormal basis that is covariant under
G(n)

tetra and inherits local tetrahedral symmetry through
the structure of the group action.

This construction yields a large family of symmet-
ric multiqubit bases, parametrized by phase choices
ϖωz,x [19]. The EJM corresponds to a specific element

2
That is, any other group satisfying these properties is related by

Cli!ord conjugation.

above—namely, as a concrete example of a two-qubit
measurement whose elements form a group orbit under a
tensor product representation. This instructive example
will serve as a guiding case throughout the remainder of
the paper.

A. The standard EJM

The 2-qubit EJM basis {|ωEJM,j→}4j=1 can be con-
structed from anti-parallel vectors in the Bloch sphere,

|ωEJM,j→ =
↑
3 + 1

2
↑
2

|εmj ,↓εmj→+
↑
3↓ 1

2
↑
2

|↓εmj , εmj→ ,

(8)
where |εm→ denotes the eigenket of a qubit state with
Bloch vector εm, and the εmjs point to the vertices of a
regular tetrahedron,

εm1 = (+1,+1,+1)/
↑
3 ,

εm2 = (+1,↓1,↓1)/
↑
3 ,

εm3 = (↓1,+1,↓1)/
↑
3 ,

εm4 = (↓1,↓1,+1)/
↑
3 . (9)

Since all four states in the EJM basis have identical
Schmidt coe!cients, they share the same amount of
bipartite entanglement and thus form an isoentangled

basis. For bipartite pure states, the Schmidt coe!cients
completely characterize entanglement and are invariant
under local unitaries. Consequently, it follows that each
state |ωEJM,j→ can be obtained from a fixed fiducial state
|ωEJM→—which we may take to be |ωEJM,1→—via local
unitaries:

|ωEJM,j→ = U
(1)
j ↔ U

(2)
j |ωEJM→ , (10)

for some single-qubit unitaries U
(1)
j , U

(2)
j . While these

unitaries are not unique, the existence of such a de-
composition follows directly from the shared Schmidt
spectrum.
Moreover, the reduced single-qubit states associated

with the EJM basis elements (i.e., the marginals obtained
by tracing out one qubit) have Bloch vectors pointing to
the four vertices of the regular tetrahedron formed by the
εmjs. This geometric arrangement is highly symmetric:
the Pauli group, through its action on the Bloch sphere,
permutes the vertices of this tetrahedron. In particular,
the group

G
(2)
tetra =

〈
Z ↔ Z, X ↔X

〉 ↗= Z2
2, (11)

where Z,X (and later, Y ) are the Pauli operators, acts
transitively on the basis states, generating the full EJM
as a group orbit of |ωEJM→. Since the generators Z ↔ Z

and X ↔X commute, the group is abelian and all ele-
ments are simultaneously diagonalizable. The resulting
symmetry at the global level reflects a tetrahedral struc-
ture at the local level, as the action of each group element
corresponds to a rotation of the Bloch vectors of the
reduced states.

B. Two-qubit tetrahedral bases

The above discussion motivates a natural generaliza-
tion. We define a two-qubit tetrahedral basis as any
orthonormal basis obtained from the group orbit of a

two-qubit fiducial state under G
(2)
tetra. That is, a two-

qubit basis is a tetrahedral basis if and only if it can be
written as

{
Ug |ω→

∣∣∣ Ug ↘ G
(2)
tetra

}
, (12)

for some fiducial state |ω→ ↘ C2 ↔ C2, provided this set
forms an orthonormal basis.

To ensure this last constraint, the fiducial state must
satisfy the completeness condition:

∑

Ug→G(2)
tetra

Ug |ω→≃ω|U †
g = 1 . (13)

This averaging corresponds to a special case of the Weyl

twirling channel [29], which projects onto the subspace
of operators that are diagonal in the Bell basis. Hence,
the only states satisfying Eq. (13) are those whose group
orbit lies entirely within this subspace.

It follows that any equal-weight superposition of Bell
states (with arbitrary relative phases) generates a valid
tetrahedral basis. Explicitly, any state of the form

∣∣∣ω(2)
tetra

〉
=

1

2

∑

z,x→{0,1}

e
iωz,x |”z,x→ (14)

satisfies the completeness requirement, where ϑz,x ↘ R
and |”z,x→ denote the Bell states

|”0,0→ = 1↑
2

(
|0, 0→+ |1, 1→

)
, |”0,1→ = 1↑

2

(
|0, 0→↓ |1, 1→

)
,

|”1,0→ = 1↑
2

(
|0, 1→+ |1, 0→

)
, |”1,1→ = 1↑

2

(
↓ |0, 1→+ |1, 0→

)
,

(15)

or

|”z,x→ = CNOT(2↓1) (|z→Z ↔ |x→X) , (16)

where |·→Z and |·→X denote eigenstates of the Z and
X Pauli operators, respectively, and where CNOT(i↓j)

denotes a CNOT gate where qubit i controls qubit j.
Fixing an arbitrary global phase, this defines a three-

parameter family of admissible fiducial states. For in-
stance, for the standard EJM defined through Eq. (8),
|ωEJM→ = |ωEJM,1→ corresponds (up to the choice of the
global phase) to

|ωEJM→ = 1

2
|”0,0→+

i

2
|”0,1→↓

i

2
|”1,0→+

i

2
|”1,1→ , (17)

i.e. with the phases ϑ0,0 = 0, ϑ0,1 = ε
2 , ϑ1,0 = ↓ε

2 , and
ϑ1,1 = ε

2 in Eq. (14).
To make this structure fully transparent—especially

with an eye toward generalization—it is useful to take

a slightly more formal perspective. Since G
(2)
tetra

↗= Z2
2

4

EJM fiducial state



Generalizing EJM symmetry group

action of each group element preserves the tetrahedral
configuration on every qubit.
To ensure the completeness condition is satisfied, we

will focus on abelian groups G, for which Schur’s lemma
guarantees that a uniform superposition over the orbit
yields the identity operator. This leads to two design
criteria for the group G:

(i) Local Pauli support: Each tensor factor
must consist of single-qubit Pauli operators only
({1, X, Y, Z}), and all Paulis must appear on each
qubit. This ensures that, if the fiducial state has
nonzero components along all Pauli directions, the
group orbit generates a full tetrahedral pattern
in each local Bloch sphere, where for n → 3, the
same Bloch vectors will be obtained from several
basis states. If a Bloch vector is confined to a
plane for which one of the X,Y, Z components is
null (e.g., the X↑Z plane), the local action still
yields rectangular symmetry within that plane. If
a Bloch vector is aligned with one of the X,Y, Z

directions, then the local action gets restricted to
that single direction.

(ii) Abelian tensor structure: The full representa-
tion of G should be abelian—ideally isomorphic to
Zn
2 . This guarantees that all group elements are

simultaneously diagonalizable, and any uniform
superposition over a joint eigenbasis yields a valid
orthonormal basis.

These criteria naturally lead us to consider abelian
subgroups of the n-qubit Pauli group, which are well
studied in the context of stabilizer codes [33]. However,
our goal here is di!erent: instead of constructing states
that are invariant under a stabilizer group, we seek
states that are covariant—that is, states whose orbit
under G spans a complete orthonormal basis.

There are exponentially many commuting n-tuples of
Pauli operators that generate groups isomorphic to Zn

2 .
Among these, we select one convenient representative
that satisfies both criteria (i) and (ii). Our choice is not
unique—any other group related by local Cli!ord uni-
taries or single-qubit Pauli rotations would serve equally
well—but it is the simplest construction that fulfills our
requirements.
Let Z

(i) and X
(i) denote the Pauli operators acting

on qubit i. We define the group

G
(n)
tetra =

〈
Z

(1)
Z

(2)
, Z

(2)
Z

(3)
, . . . , Z

(n→1)
Z

(n)
, X

↑n
〉

↓= Zn
2 ,

(24)
which consists of 2n commuting n-qubit Pauli strings
and meets both of the design criteria stated above.

The group G
(n)
tetra is abelian. We present in Appendix A

a possible approach to obtain the eigenbasis in which
all its elements can be diagonalized, showing that their

eigenstates can be written in the form

|”ωz,x↔ = S(n)

[
n→1⊗

i=1

|zi↔Z ↗ |x↔X

]
, (25)

for all ωz = (z1, . . . , zn→1) ↘ {0, 1}n→1
, x ↘ {0, 1}, where

we introduced the operator

S(n) = CNOT(2↓1) · · ·CNOT(n↓n→1) . (26)

More explicitly, we find that the eigenstates |”ωz,x↔ are
of the GHZ form 1↔

2
(|j1, . . . , jn↔ ± |j1 ≃ 1, . . . , jn ≃ 1↔)

(where ≃ denotes addition modulo 2).
As in the previous bipartite case, any equal-weight

superposition of these eigenvectors—i.e., any state of the
general form

∣∣∣ε(n)
tetra

〉
=

1⇐
2n

∑

(ωz,x)↗{0,1}n

e
iεωz,x |”ωz,x↔ , (27)

with ϑωz,x ↘ R defines a valid fiducial state.

Acting with the group elements of G(n)
tetra on this fidu-

cial state produces a full multi-qubit tetrahedral basis.
The completeness relation

∑

Ug↗G(n)
tetra

Ug

∣∣∣ε(n)
tetra

〉〈
ε
(n)
tetra

∣∣∣ U †
g = 1 (28)

then follows directly from Schur’s lemma.

A. Party-Permutation-Invariant fiducial states

A natural question is whether the family of n-qubit
tetrahedral bases admits a form of party-permutation
symmetry. Concretely, we ask for fiducial states that are
invariant under all permutations of the qubit subsystems:

Uϑ

∣∣∣ε(n)
PPI

〉
=

∣∣∣ε(n)
PPI

〉
⇒ϖ ↘ Sn, (29)

where Uϑ denotes the unitary that permutes the tensor
factors according to ϖ ↘ Sn (and with Sn denoting the
symmetric group). Note that while party-permutation
symmetry of the fiducial does not imply that each basis
state is itself party-permutation symmetric, all qubits
share the same set of possible single-qubit marginals
across the basis. Moreover, imposing party-permutation
symmetry on the fiducial state greatly reduces the num-
ber of free parameters needed to specify it (and hence
the entire basis).
Since any fully symmetric state lies in the span of

Dicke states, we consider fiducial states of the form

∣∣∣ε(n)
PPI

〉
=

n∑

k=0

ak e
iεk |Dk↔ , (30)

where |Dk↔ :=
∑

ωz:wt(ωz)=k |ωz↔ denotes the supernormal-
ized Dicke state of weight k (with wt(·) denoting the
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Desiderata: (i) globally abelian
                         (ii) locally contains all the Pauli’s (stabilizes the tetrahedron)

action of each group element preserves the tetrahedral
configuration on every qubit.
To ensure the completeness condition is satisfied, we

will focus on abelian groups G, for which Schur’s lemma
guarantees that a uniform superposition over the orbit
yields the identity operator. This leads to two design
criteria for the group G:

(i) Local Pauli support: Each tensor factor
must consist of single-qubit Pauli operators only
({1, X, Y, Z}), and all Paulis must appear on each
qubit. This ensures that, if the fiducial state has
nonzero components along all Pauli directions, the
group orbit generates a full tetrahedral pattern
in each local Bloch sphere, where for n → 3, the
same Bloch vectors will be obtained from several
basis states. If a Bloch vector is confined to a
plane for which one of the X,Y, Z components is
null (e.g., the X↑Z plane), the local action still
yields rectangular symmetry within that plane. If
a Bloch vector is aligned with one of the X,Y, Z

directions, then the local action gets restricted to
that single direction.

(ii) Abelian tensor structure: The full representa-
tion of G should be abelian—ideally isomorphic to
Zn
2 . This guarantees that all group elements are

simultaneously diagonalizable, and any uniform
superposition over a joint eigenbasis yields a valid
orthonormal basis.

These criteria naturally lead us to consider abelian
subgroups of the n-qubit Pauli group, which are well
studied in the context of stabilizer codes [33]. However,
our goal here is di!erent: instead of constructing states
that are invariant under a stabilizer group, we seek
states that are covariant—that is, states whose orbit
under G spans a complete orthonormal basis.

There are exponentially many commuting n-tuples of
Pauli operators that generate groups isomorphic to Zn

2 .
Among these, we select one convenient representative
that satisfies both criteria (i) and (ii). Our choice is not
unique—any other group related by local Cli!ord uni-
taries or single-qubit Pauli rotations would serve equally
well—but it is the simplest construction that fulfills our
requirements.
Let Z

(i) and X
(i) denote the Pauli operators acting

on qubit i. We define the group

G
(n)
tetra =

〈
Z

(1)
Z

(2)
, Z

(2)
Z

(3)
, . . . , Z

(n→1)
Z

(n)
, X

↑n
〉

↓= Zn
2 ,

(24)
which consists of 2n commuting n-qubit Pauli strings
and meets both of the design criteria stated above.

The group G
(n)
tetra is abelian. We present in Appendix A

a possible approach to obtain the eigenbasis in which
all its elements can be diagonalized, showing that their

eigenstates can be written in the form

|”ωz,x↔ = S(n)

[
n→1⊗

i=1

|zi↔Z ↗ |x↔X

]
, (25)

for all ωz = (z1, . . . , zn→1) ↘ {0, 1}n→1
, x ↘ {0, 1}, where

we introduced the operator

S(n) = CNOT(2↓1) · · ·CNOT(n↓n→1) . (26)

More explicitly, we find that the eigenstates |”ωz,x↔ are
of the GHZ form 1↔

2
(|j1, . . . , jn↔ ± |j1 ≃ 1, . . . , jn ≃ 1↔)

(where ≃ denotes addition modulo 2).
As in the previous bipartite case, any equal-weight

superposition of these eigenvectors—i.e., any state of the
general form

∣∣∣ε(n)
tetra

〉
=

1⇐
2n

∑

(ωz,x)↗{0,1}n

e
iεωz,x |”ωz,x↔ , (27)

with ϑωz,x ↘ R defines a valid fiducial state.

Acting with the group elements of G(n)
tetra on this fidu-

cial state produces a full multi-qubit tetrahedral basis.
The completeness relation

∑

Ug↗G(n)
tetra

Ug

∣∣∣ε(n)
tetra

〉〈
ε
(n)
tetra

∣∣∣ U †
g = 1 (28)

then follows directly from Schur’s lemma.

A. Party-Permutation-Invariant fiducial states

A natural question is whether the family of n-qubit
tetrahedral bases admits a form of party-permutation
symmetry. Concretely, we ask for fiducial states that are
invariant under all permutations of the qubit subsystems:

Uϑ

∣∣∣ε(n)
PPI

〉
=

∣∣∣ε(n)
PPI

〉
⇒ϖ ↘ Sn, (29)

where Uϑ denotes the unitary that permutes the tensor
factors according to ϖ ↘ Sn (and with Sn denoting the
symmetric group). Note that while party-permutation
symmetry of the fiducial does not imply that each basis
state is itself party-permutation symmetric, all qubits
share the same set of possible single-qubit marginals
across the basis. Moreover, imposing party-permutation
symmetry on the fiducial state greatly reduces the num-
ber of free parameters needed to specify it (and hence
the entire basis).
Since any fully symmetric state lies in the span of

Dicke states, we consider fiducial states of the form

∣∣∣ε(n)
PPI

〉
=

n∑

k=0

ak e
iεk |Dk↔ , (30)

where |Dk↔ :=
∑

ωz:wt(ωz)=k |ωz↔ denotes the supernormal-
ized Dicke state of weight k (with wt(·) denoting the
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dral direction of qubit l, and denotes one of the four

tetrahedral directions ωml. Crucially, while the tetrahe-
dral directions vary across the basis, the coe!cients cs
are fixed. Indeed, while a single state can always be writ-
ten in this form, enforcing it simultaneously for an entire
orthonormal basis is highly non-trivial.

II. EJM AS A GROUP-ORBIT BASIS

We begin by highlighting two key structural properties
of the EJM.

First, the EJM is iso-entangled: all basis states have
the same degree of entanglement. By the Schmidt de-
composition, this implies that the basis is locally encod-
able [17, 18]; that is, each basis state can be obtained
from a fixed fiducial state, which we may take to be
|εEJM→ ↑ |εEJM,1→ in (1), via local unitaries. Explic-

itly, there exist qubit unitaries U (1)
j and U (2)

j such that

|εj→ = U (1)
j ↓ U (2)

j |εEJM→.
Second, the EJM exhibits specific local symmetry: the

reduced Bloch vectors of each qubit align with the ver-
tices of a regular tetrahedron. This symmetry is gen-
erated by single-qubit Pauli operators ↔X, Z→ acting on
each qubit1.

Together, these properties imply that the EJM forms a
group-covariant orthonormal basis: the orbit of a single
fiducial state under a finite symmetry group. Specifically,
the abelian order-four group

G(2)
tetra ↑ ↔X ↓ X, Z ↓ Z→ , (3)

generates the full basis from |εEJM→.
Importantly, while the group G(2)

tetra enforces local
tetrahedral symmetry it does not specify its specific ge-
ometry: depending on the fiducial state, the local Bloch
vectors may form any disphenoid (a specific type of tetra-
hedron with pairs of opposite edges of equal length) [20],
e.g. a regular tetrahedron, a distorted one, or a planar
rectangle. In other words, while the group always en-
forces tetrahedral symmetry, it also stabilizes a variety
of other local configurations and the actual geometry is
co-determined by the fiducial state.

In what follows, we abstract away from the EJM itself
and consider a family of orthonormal bases generated as

group orbits of G(2)
tetra. Our goal is to characterize all such

bases and identify how the EJM arises as a distinguished
member within this family.

III. QUBIT TETRAHEDRAL BASES

To define a natural n-qubit generalization of tetrahe-
dral bases, we impose two structural requirements on

1
Here, →·↑ denotes the group generated under composition.

its symmetry group: (i) local encodability via tetrahe-
dral single-qubit orbits, implemented by the Pauli group
↔X, Z→, and (ii) a global abelian group structure acting
on the full basis.

These constraints specify (up to local Cli”ord equiva-
lence2) the symmetry group

G(n)
tetra ↑

〈
Z(i)Z(i+1), X→n

〉
, (4)

where Z(i) acts on qubit i, and i runs from 1 to n ↗ 1.
The group is abelian of order 2n, and every Pauli operator
appears locally.

We define a qubit tetrahedral basis as any orthonormal
basis obtained from the orbit of a fiducial state |ε→ under

the group G(n)
tetra:

B =
{

Ug |ε→
∣∣ Ug ↘ G(n)

tetra

}
, (5)

with the additional requirement that ↔ε|U†
gUg→ |ε→ =

ϑg,g→ . Since G(n)
tetra decomposes into 2n one-dimensional

irreducible representations, orthonormality holds when-
ever |ε→ is an equal-weight superposition over their
eigenspaces. This follows directly from Schur’s lemma
[19].

To construct these bases explicitly, we use that G(n)
tetra is

isomorphic to Zn
2 and can be generated by the commuting

Paulis

↔Z(1), . . . , Z(n↑1), X(n)→ ≃= G(n)
tetra. (6)

Its simultaneous eigenbasis is the product basis
|z1, . . . , zn↑1, x→ ↑ |ωz, x→, with zi, x ↘ {0, 1}.

To relate this representation to the representation

G(n)
tetra defining the tetrahedral basis, we introduce the

unitary

S(n) = CNOT(2↓1) · · · CNOT(n↓n↑1), (7)

where CNOT(c↓t) denotes a CNOT gate with control
qubit c and target qubit t. This circuit maps the product

eigenbasis to one that diagonalizes G(n)
tetra.

It follows that, for any choice of phases ϖωz,x ↘ R, the
orbit of the state

|ε→ =
1

2n/2

∑

ωz↔Zn↑1
2 , x↔Z2

eiεωz,x S(n) |ωz, x→ (8)

defines an orthonormal basis that is covariant under
G(n)

tetra and inherits local tetrahedral symmetry through
the structure of the group action.

This construction yields a large family of symmet-
ric multiqubit bases, parametrized by phase choices
ϖωz,x [19]. The EJM corresponds to a specific element

2
That is, any other group satisfying these properties is related by

Cli!ord conjugation.

èDefine tetrahedral ONBs
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action of each group element preserves the tetrahedral
configuration on every qubit.
To ensure the completeness condition is satisfied, we

will focus on abelian groups G, for which Schur’s lemma
guarantees that a uniform superposition over the orbit
yields the identity operator. This leads to two design
criteria for the group G:

(i) Local Pauli support: Each tensor factor
must consist of single-qubit Pauli operators only
({1, X, Y, Z}), and all Paulis must appear on each
qubit. This ensures that, if the fiducial state has
nonzero components along all Pauli directions, the
group orbit generates a full tetrahedral pattern
in each local Bloch sphere, where for n → 3, the
same Bloch vectors will be obtained from several
basis states. If a Bloch vector is confined to a
plane for which one of the X,Y, Z components is
null (e.g., the X↑Z plane), the local action still
yields rectangular symmetry within that plane. If
a Bloch vector is aligned with one of the X,Y, Z

directions, then the local action gets restricted to
that single direction.

(ii) Abelian tensor structure: The full representa-
tion of G should be abelian—ideally isomorphic to
Zn
2 . This guarantees that all group elements are

simultaneously diagonalizable, and any uniform
superposition over a joint eigenbasis yields a valid
orthonormal basis.

These criteria naturally lead us to consider abelian
subgroups of the n-qubit Pauli group, which are well
studied in the context of stabilizer codes [33]. However,
our goal here is di!erent: instead of constructing states
that are invariant under a stabilizer group, we seek
states that are covariant—that is, states whose orbit
under G spans a complete orthonormal basis.

There are exponentially many commuting n-tuples of
Pauli operators that generate groups isomorphic to Zn

2 .
Among these, we select one convenient representative
that satisfies both criteria (i) and (ii). Our choice is not
unique—any other group related by local Cli!ord uni-
taries or single-qubit Pauli rotations would serve equally
well—but it is the simplest construction that fulfills our
requirements.
Let Z

(i) and X
(i) denote the Pauli operators acting

on qubit i. We define the group

G
(n)
tetra =

〈
Z

(1)
Z

(2)
, Z

(2)
Z

(3)
, . . . , Z

(n→1)
Z

(n)
, X

↑n
〉

↓= Zn
2 ,

(24)
which consists of 2n commuting n-qubit Pauli strings
and meets both of the design criteria stated above.

The group G
(n)
tetra is abelian. We present in Appendix A

a possible approach to obtain the eigenbasis in which
all its elements can be diagonalized, showing that their

eigenstates can be written in the form

|”ωz,x↔ = S(n)

[
n→1⊗

i=1

|zi↔Z ↗ |x↔X

]
, (25)

for all ωz = (z1, . . . , zn→1) ↘ {0, 1}n→1
, x ↘ {0, 1}, where

we introduced the operator

S(n) = CNOT(2↓1) · · ·CNOT(n↓n→1) . (26)

More explicitly, we find that the eigenstates |”ωz,x↔ are
of the GHZ form 1↔

2
(|j1, . . . , jn↔ ± |j1 ≃ 1, . . . , jn ≃ 1↔)

(where ≃ denotes addition modulo 2).
As in the previous bipartite case, any equal-weight

superposition of these eigenvectors—i.e., any state of the
general form

∣∣∣ε(n)
tetra

〉
=

1⇐
2n

∑

(ωz,x)↗{0,1}n

e
iεωz,x |”ωz,x↔ , (27)

with ϑωz,x ↘ R defines a valid fiducial state.

Acting with the group elements of G(n)
tetra on this fidu-

cial state produces a full multi-qubit tetrahedral basis.
The completeness relation

∑

Ug↗G(n)
tetra

Ug

∣∣∣ε(n)
tetra

〉〈
ε
(n)
tetra

∣∣∣ U †
g = 1 (28)

then follows directly from Schur’s lemma.

A. Party-Permutation-Invariant fiducial states

A natural question is whether the family of n-qubit
tetrahedral bases admits a form of party-permutation
symmetry. Concretely, we ask for fiducial states that are
invariant under all permutations of the qubit subsystems:

Uϑ

∣∣∣ε(n)
PPI

〉
=

∣∣∣ε(n)
PPI

〉
⇒ϖ ↘ Sn, (29)

where Uϑ denotes the unitary that permutes the tensor
factors according to ϖ ↘ Sn (and with Sn denoting the
symmetric group). Note that while party-permutation
symmetry of the fiducial does not imply that each basis
state is itself party-permutation symmetric, all qubits
share the same set of possible single-qubit marginals
across the basis. Moreover, imposing party-permutation
symmetry on the fiducial state greatly reduces the num-
ber of free parameters needed to specify it (and hence
the entire basis).
Since any fully symmetric state lies in the span of

Dicke states, we consider fiducial states of the form

∣∣∣ε(n)
PPI

〉
=

n∑

k=0

ak e
iεk |Dk↔ , (30)

where |Dk↔ :=
∑

ωz:wt(ωz)=k |ωz↔ denotes the supernormal-
ized Dicke state of weight k (with wt(·) denoting the

6
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8.2 Planar, square configurations
A particularly simple and analytically tractable
family of states arises when the fiducial state is
restricted to the real subspace. In this case, the
Bloch vectors lie entirely in the X → Z plane, and
their arrangement under Pauli group action forms
a square.

The following real-valued fiducial state works
for any number of qubits:

∣∣∣ω(n)
Square

〉
= 1

↑

2n→1

[
0 0 · · · 0︸ ︷︷ ︸

2n→1→1

1 0 1 1 · · · 1︸ ︷︷ ︸
2n→1→1

]T

.

(55)
This is a real state supported only on computa-
tional basis vectors of Hamming weight greater
than n/2. Each generator ZiZi+1 flips the sign
of basis elements according to adjacent bit values,
which occur in equal number on the support, lead-
ing to cancellation in expectation. Similarly, the
global operator X

↑n maps every basis string to
its bitwise complement, which lies outside the sup-
port due to the weight imbalance. Hence all o!-
diagonal overlaps vanish, and the orbit defines a
valid orthonormal basis.

The single-qubit purity is given by

Tr
(
ε

2
1
)

= (1 → 2→(n→1))2 + 3 · 2→2(n→1)
.

For n = 2, the fiducial is seperable. For n > 2, the
resulting states are partially entangled, with the
degree of entanglement decreasing with n.

This construction thus yields a simple, scalable
family of real-valued tetrahedral bases with square
symmetry in the local Bloch planes.

9 Localizability

local
operation

local
operation

ωi

Entanglement resource

f(a, b) = i

a b

Figure 3: Illustration of entanglement-assisted local im-

plementation of a global measurement for two parties. An

unknown entangled basis state ωi is shared between two

parties, who also possess a shared entanglement source.

Each party applies a local operation resulting classical

outcomes a and b are used to determinstically determine

the measurement result f(a, b) = i.

All Pauli-encoded bases introduced in this work
are, by design, locally encodable: each basis state
can be prepared from a single fiducial state via lo-
cal unitary transformations. However, the inverse
task—decoding or “measuring” the classical label
of an unknown basis state using only local opera-
tions—is generally impossible if the basis is entan-
gled. In such cases, distinguishing basis elements
requires global operations [30]. Nonetheless, if the
decoding parties have access to pre-shared entan-
glement, the measurement can be implemented
using only local quantum operations followed by
broadcast communication—that is, only joint clas-
sical postprocessing of local outcomes is permit-
ted [31, 32], see Fig. 3.

Ref. [8] introduces a framework for classifying
projective measurements according to their local-
ization cost—the minimum amount of pre-shared
entanglement required to implement the measure-
ment locally. The base level of this hierarchy con-
tains only product measurements. The second
level contains only one entangled measurement,
the Bell state measurement. Partially entangled
bases—which are entangled yet possess structured
local properties—only appear at higher levels. Re-
markably, the Elegant Joint Measurement (EJM)
is among the first such examples to appear, occu-
pying the third level2 of the hierarchy alongside
only a handful of others.

This observation raises a natural question:
which of the more general tetrahedral measure-
ments constructed in this work admit similarly ef-
ficient local implementations? Localization cost
thus provides an operational measure of complex-
ity, distinguishing between measurements that,
while symmetric and structurally elegant, di!er in
their requirements for entanglement-assisted local
realization.

To formalize this question, we recall the char-
acterization introduced in [8]. Let M ↓ U(dn)
denote the unitary whose columns form the mea-
surement basis {|ωi↔}, that is,

M =
∑

i

|ωi↔ ↗i| ,

where {|i↔} is the computational basis. In other
words, M maps the computational basis to the
measurement basis M |i↔ = |ωi↔. Let V

d,n
k denote

the set of n-qud it projective measurements local-
izable at level k of the hierarchy. Then:

2
In our previous work, we used a convention where the

base level was referred to as level 0, causing all levels to be

shifted by one. Here, to be more in line with the literature

of Cli!ord hierarchy (which is intimately connected), we

adopt the usual convention.
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of this family characterized by reduced states whose
Bloch vectors form a regular tetrahedron. Imposing this
directly on the marginals leads to nonlinear equations
which are unsolvable in general. Instead, we leverage a
second defining feature of the EJM, its e!cient localiz-
ability, as a more tractable and operationally meaningful
criterion.

IV. EJM FROM LOCALIZABILITY

The EJM is locally encodable: each basis state |ωi→
can be generated from a single fiducial state via local
unitaries. Localizability asks the complementary ques-
tion: can the basis states be reliably distinguished using
only local operations and shared entanglement?

While this is always possible in principle [21, 22], the
amount of entanglement this requires may be very large
or even infinite. The entanglement cost thus provides
an operational measure of the nonlocal complexity of a
measurement.

This was formalized in Ref. [5], where it was shown that
the entanglement cost of implementing a measurement
basis via local operations depends on the membership of
the associated measurement unitary

M =
∑

g

|ωg→ ↑g| , (9)

where {|g→} denotes the computational basis, in a hier-
archy of sets V1 ⊋ · · · ⊋ Vk→1 ⊋ Vk ⊋ . . .. The integer
k ↓ 1 labels a level in this hierarchy and relates to the
amount of entanglement required to localize the mea-
surement. Specifically, the minimal entanglement cost
is determined by the smallest k such that M ↔ Vk. The
structure of Vk is poorly understood and an explicit char-
acterization is generally intractable. However, the EJM
is known to be in the lowest level where partially entan-
gled bases appear3: level k = 3.

At first, the di!culty of characterizing Vk explicitly
seems to hinder the generalization to more subsystems.
However, for tetrahedral bases, the additional symmetry
imposes a strong structure that allows significant simpli-
fication [19].

A key insight is that the Cli”ord hierarchy [23], a
complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
C3 ⊋ V3 [5].

First, we make the following observation on the struc-
ture of tetrahedral fiducials:

Observation 1 (Fiducial normal form). Every tetrahe-

dral fiducial state can be prepared as |ω→ = V |0→↑n
using

3
We label levels starting from k = 1 to align with the standard

convention for the Cli!ord hierarchy.

a unitary of the form

V = S(n) Hn Dωε H↑n , (10)

where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,

and S(n) is the operator defined in Eq. (7).

We now state the key theorem, proven in the com-
panion work [19], that characterizes the localizability of
tetrahedral bases.

Theorem 1 (Cli”ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω→ and define the basis-

change unitary

Mϑ :=
∑

g:Ug↓G(n)
tetra

Ug |ω→ ↑g| , (11)

with {|g→} denoting the computational basis, so that

Mϑ |g→ = Ug |ω→ = |ωg→ (and with U0 = 1). Considering

the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that

Dωε ↔ Ck =↗ Mϑ ↔ Ck. (12)

Remembering that Ck ⊋ Vk, the theorem above im-
plies that the localizability of a tetrahedral basis can be
analyzed by examining the diagonal phase gate used to
construct the fiducial. Diagonal unitaries in the Cli”ord
hierarchy were explicitly characterized by Ref. [24]. Any
diagonal gate Df acting on n qubits can be approximated
as

Df |εz→ = exp

(
2ϑi

f(εz)

2m

)
|εz→ , (13)

where

f : Zn
2 ↘ Z2m

is an integer-valued polynomial and m ↔ N determines
the phase precision.

The Cli”ord level of Df is jointly determined by the
weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
bounded weighted degree, only finitely many such poly-
nomials exist at each level k. In [19], we enumerate all
admissible Df and classify the corresponding tetrahedral
bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial

f(z1, z2) = z1z2

and m = 2. Building the fiducial state through the circuit

(10), one finds that the orbit of G(2)
tetra corresponds—up
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Bloch vectors form a regular tetrahedron. Imposing this
directly on the marginals leads to nonlinear equations
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ability, as a more tractable and operationally meaningful
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can be generated from a single fiducial state via local
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While this is always possible in principle [21, 22], the
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or even infinite. The entanglement cost thus provides
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fication [19].
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complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
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using
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a unitary of the form

V = S(n) Hn Dωε H↑n , (10)

where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,

and S(n) is the operator defined in Eq. (7).

We now state the key theorem, proven in the com-
panion work [19], that characterizes the localizability of
tetrahedral bases.

Theorem 1 (Cli”ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω→ and define the basis-

change unitary

Mϑ :=
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tetra

Ug |ω→ ↑g| , (11)

with {|g→} denoting the computational basis, so that
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the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that
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Remembering that Ck ⊋ Vk, the theorem above im-
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weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
bounded weighted degree, only finitely many such poly-
nomials exist at each level k. In [19], we enumerate all
admissible Df and classify the corresponding tetrahedral
bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial
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where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,
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We now state the key theorem, proven in the com-
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the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that
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is an integer-valued polynomial and m ↔ N determines
the phase precision.

The Cli”ord level of Df is jointly determined by the
weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
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bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial

f(z1, z2) = z1z2

and m = 2. Building the fiducial state through the circuit

(10), one finds that the orbit of G(2)
tetra corresponds—up

Appendix C: Cli!ord hierarchy and
Cui-Gottesman-Krishna characterization of diagonal

gates

Cli!ord hierarchy

The Cli!ord hierarchy [38] is a recursively defined
hierarchy of unitary operations that plays an important
role in fault-tolerant quantum computation. Each level
Ck contains unitaries that conjugate Pauli operators into
the previous level. For simplicity we will restrict the
presentation here to the qubit (d = 2) case.
To define the hierarchy, we begin with the n-qubit

Pauli group Pn, which consists of all n-fold tensor prod-
ucts of the single-qubit Pauli matrices {1, X, Y, Z}, in-
cluding phase factors {±1,±i}:

Pn :=
{
e
iω
P1 → · · ·→ Pn

∣∣Pj ↑ {1, X, Y, Z}, ω ↑ ε
2Z

}
.

(C1)
This group is closed under multiplication and forms the
basis of the Cli!ord hierarchy.

The Cli!ord hierarchy is then defined recursively:

• C1 := Pn, the Pauli group.

• Ck :=
{
U ↑ U(2n)

∣∣UPU
† ↑ Ck→1 ↓P ↑ Pn

}
.

For example, C2 is the Cli!ord group—unitaries that
normalize the Pauli group—and C3 includes gates such
as the T -gate, To!oli, and other non-Cli!ord operations
that are essential for universal quantum computation.

Diagonal unitaries in Cui-Gottesman-Krishna’s
framework

In general, it is very di”cult to characterize explicitly
the unitaries in the Cli!ord hierarchy [44]. Following
Ref. [39], we will restrict ourselves to the classification of
phase gates whose phases are (discrete) dyadic fractions
of ε—i.e., diagonal unitaries Dfm acting as

Dfm |ϑz↔ = exp

(
i
2ε

2m
fm(ϑz)

)
|ϑz↔ , (C2)

where fm : Zn
2 ↗ Z2m is a polynomial over Boolean

variables zi ↑ {0, 1}, and m ↑ N determines the phase
precision. The general form of fm is:

fm(z1, . . . , zn) =
∑

S↑[n]

aS

∏

i↓S

zi mod 2m, (C3)

where aS ↑ Z2m are integer coe”cients. Since the global
phase introduced by Dfm is irrelevant, one may choose
to fix fm(0, . . . , 0) = a↔ = 0, and therefore only consider
nonempty subsets S of [n] in the sum above.
We now summarize Cui-Gottesman-Krishna’s crite-

rion [39] for determining the level Ck to which Dfm
belongs.

Cui-Gottesman-Krishna characterization

The Cli!ord level of a diagonal gate Dfm is determined
by the precision m and the degree of the polynomial fm.
Ref. [39] shows that the level of the Cli!ord hierarchy
in which a diagonal gate appears is determined by the
largest value of m that appears in the exponent and the
degree of the polynomial, and one only needs to consider
the finest phase rotations. The level k is then given by

k = max
S:aS ↗=0

[
(m↘ 1) + |S|

]
. (C4)

This assumes all nonzero coe”cients aS ↑ Z2m are odd.
When one of the coe”cients is divisible by a power of
two, the e!ective precision is reduced. This can be seen
by considering each monomial separately and expressing
the coe”cient in its 2-adic form.
Define the 2-adic valuation ϖ2(a) as the exponent of

the highest power of 2 dividing a ↑ Z. For example:

ϖ2(1) = 0, ϖ2(4) = 2, ϖ2(12) = 2, ϖ2(0) := ≃.

Each monomial of the form aS
∏

i↓S zi contributes to
the diagonal unitary with a phase rotation of the form

exp

(
i
2ε

2m
aS

)
= exp

(
i

2ε

2m→ϑ2(aS)
bS

)
, (C5)

where aS = 2ϑ2(aS)
bS and bS is odd. That is, the 2-adic

valuation ϖ2(aS) reduces the e!ective phase resolution
for that term. This can be summarized in the following
criterion:

k = max
S:aS ↗=0

[
(m↘ ϖ2(aS)↘ 1) + |S|

]
. (C6)

This “maximum-over-terms” rule reflects the fact that
the Cli!ord hierarchy is closed under composition: multi-
plying two unitaries U, V ↑ Ck yields another unitary in
Ck. As a result, any diagonal gate whose phase polyno-
mial contains multiple terms—each possibly contributing
at a di!erent level—will lie in the highest level among
them. In other words, the term with the largest combined
value (m↘ϖ2(aS)↘1)+ |S| dictates the overall hierarchy
level of the gate, since one cannot “undo” the e!ect of a
higher-level term by composing it with lower-level ones.

19

Appendix C: Cli!ord hierarchy and
Cui-Gottesman-Krishna characterization of diagonal

gates

Cli!ord hierarchy

The Cli!ord hierarchy [38] is a recursively defined
hierarchy of unitary operations that plays an important
role in fault-tolerant quantum computation. Each level
Ck contains unitaries that conjugate Pauli operators into
the previous level. For simplicity we will restrict the
presentation here to the qubit (d = 2) case.
To define the hierarchy, we begin with the n-qubit

Pauli group Pn, which consists of all n-fold tensor prod-
ucts of the single-qubit Pauli matrices {1, X, Y, Z}, in-
cluding phase factors {±1,±i}:

Pn :=
{
e
iω
P1 → · · ·→ Pn

∣∣Pj ↑ {1, X, Y, Z}, ω ↑ ε
2Z

}
.

(C1)
This group is closed under multiplication and forms the
basis of the Cli!ord hierarchy.

The Cli!ord hierarchy is then defined recursively:

• C1 := Pn, the Pauli group.

• Ck :=
{
U ↑ U(2n)

∣∣UPU
† ↑ Ck→1 ↓P ↑ Pn

}
.

For example, C2 is the Cli!ord group—unitaries that
normalize the Pauli group—and C3 includes gates such
as the T -gate, To!oli, and other non-Cli!ord operations
that are essential for universal quantum computation.

Diagonal unitaries in Cui-Gottesman-Krishna’s
framework

In general, it is very di”cult to characterize explicitly
the unitaries in the Cli!ord hierarchy [44]. Following
Ref. [39], we will restrict ourselves to the classification of
phase gates whose phases are (discrete) dyadic fractions
of ε—i.e., diagonal unitaries Dfm acting as

Dfm |ϑz↔ = exp

(
i
2ε

2m
fm(ϑz)

)
|ϑz↔ , (C2)

where fm : Zn
2 ↗ Z2m is a polynomial over Boolean

variables zi ↑ {0, 1}, and m ↑ N determines the phase
precision. The general form of fm is:

fm(z1, . . . , zn) =
∑

S↑[n]

aS

∏

i↓S

zi mod 2m, (C3)

where aS ↑ Z2m are integer coe”cients. Since the global
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to fix fm(0, . . . , 0) = a↔ = 0, and therefore only consider
nonempty subsets S of [n] in the sum above.
We now summarize Cui-Gottesman-Krishna’s crite-

rion [39] for determining the level Ck to which Dfm
belongs.
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The Cli!ord level of a diagonal gate Dfm is determined
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This “maximum-over-terms” rule reflects the fact that
the Cli!ord hierarchy is closed under composition: multi-
plying two unitaries U, V ↑ Ck yields another unitary in
Ck. As a result, any diagonal gate whose phase polyno-
mial contains multiple terms—each possibly contributing
at a di!erent level—will lie in the highest level among
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Localizability of Tetrahedral bases 

Structure of tetrahedral bases à significant simplification

Normal form    

3

of this family characterized by reduced states whose
Bloch vectors form a regular tetrahedron. Imposing this
directly on the marginals leads to nonlinear equations
which are unsolvable in general. Instead, we leverage a
second defining feature of the EJM, its e!cient localiz-
ability, as a more tractable and operationally meaningful
criterion.

IV. EJM FROM LOCALIZABILITY

The EJM is locally encodable: each basis state |ωi→
can be generated from a single fiducial state via local
unitaries. Localizability asks the complementary ques-
tion: can the basis states be reliably distinguished using
only local operations and shared entanglement?

While this is always possible in principle [21, 22], the
amount of entanglement this requires may be very large
or even infinite. The entanglement cost thus provides
an operational measure of the nonlocal complexity of a
measurement.

This was formalized in Ref. [5], where it was shown that
the entanglement cost of implementing a measurement
basis via local operations depends on the membership of
the associated measurement unitary

M =
∑

g

|ωg→ ↑g| , (9)

where {|g→} denotes the computational basis, in a hier-
archy of sets V1 ⊋ · · · ⊋ Vk→1 ⊋ Vk ⊋ . . .. The integer
k ↓ 1 labels a level in this hierarchy and relates to the
amount of entanglement required to localize the mea-
surement. Specifically, the minimal entanglement cost
is determined by the smallest k such that M ↔ Vk. The
structure of Vk is poorly understood and an explicit char-
acterization is generally intractable. However, the EJM
is known to be in the lowest level where partially entan-
gled bases appear3: level k = 3.

At first, the di!culty of characterizing Vk explicitly
seems to hinder the generalization to more subsystems.
However, for tetrahedral bases, the additional symmetry
imposes a strong structure that allows significant simpli-
fication [19].

A key insight is that the Cli”ord hierarchy [23], a
complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
C3 ⊋ V3 [5].

First, we make the following observation on the struc-
ture of tetrahedral fiducials:

Observation 1 (Fiducial normal form). Every tetrahe-

dral fiducial state can be prepared as |ω→ = V |0→↑n
using

3
We label levels starting from k = 1 to align with the standard

convention for the Cli!ord hierarchy.

a unitary of the form

V = S(n) Hn Dωε H↑n , (10)

where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,

and S(n) is the operator defined in Eq. (7).

We now state the key theorem, proven in the com-
panion work [19], that characterizes the localizability of
tetrahedral bases.

Theorem 1 (Cli”ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω→ and define the basis-

change unitary

Mϑ :=
∑

g:Ug↓G(n)
tetra

Ug |ω→ ↑g| , (11)

with {|g→} denoting the computational basis, so that

Mϑ |g→ = Ug |ω→ = |ωg→ (and with U0 = 1). Considering

the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that

Dωε ↔ Ck =↗ Mϑ ↔ Ck. (12)

Remembering that Ck ⊋ Vk, the theorem above im-
plies that the localizability of a tetrahedral basis can be
analyzed by examining the diagonal phase gate used to
construct the fiducial. Diagonal unitaries in the Cli”ord
hierarchy were explicitly characterized by Ref. [24]. Any
diagonal gate Df acting on n qubits can be approximated
as

Df |εz→ = exp

(
2ϑi

f(εz)

2m

)
|εz→ , (13)

where

f : Zn
2 ↘ Z2m

is an integer-valued polynomial and m ↔ N determines
the phase precision.

The Cli”ord level of Df is jointly determined by the
weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
bounded weighted degree, only finitely many such poly-
nomials exist at each level k. In [19], we enumerate all
admissible Df and classify the corresponding tetrahedral
bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial

f(z1, z2) = z1z2

and m = 2. Building the fiducial state through the circuit

(10), one finds that the orbit of G(2)
tetra corresponds—up

action of each group element preserves the tetrahedral
configuration on every qubit.
To ensure the completeness condition is satisfied, we

will focus on abelian groups G, for which Schur’s lemma
guarantees that a uniform superposition over the orbit
yields the identity operator. This leads to two design
criteria for the group G:

(i) Local Pauli support: Each tensor factor
must consist of single-qubit Pauli operators only
({1, X, Y, Z}), and all Paulis must appear on each
qubit. This ensures that, if the fiducial state has
nonzero components along all Pauli directions, the
group orbit generates a full tetrahedral pattern
in each local Bloch sphere, where for n → 3, the
same Bloch vectors will be obtained from several
basis states. If a Bloch vector is confined to a
plane for which one of the X,Y, Z components is
null (e.g., the X↑Z plane), the local action still
yields rectangular symmetry within that plane. If
a Bloch vector is aligned with one of the X,Y, Z

directions, then the local action gets restricted to
that single direction.

(ii) Abelian tensor structure: The full representa-
tion of G should be abelian—ideally isomorphic to
Zn
2 . This guarantees that all group elements are

simultaneously diagonalizable, and any uniform
superposition over a joint eigenbasis yields a valid
orthonormal basis.

These criteria naturally lead us to consider abelian
subgroups of the n-qubit Pauli group, which are well
studied in the context of stabilizer codes [33]. However,
our goal here is di!erent: instead of constructing states
that are invariant under a stabilizer group, we seek
states that are covariant—that is, states whose orbit
under G spans a complete orthonormal basis.

There are exponentially many commuting n-tuples of
Pauli operators that generate groups isomorphic to Zn

2 .
Among these, we select one convenient representative
that satisfies both criteria (i) and (ii). Our choice is not
unique—any other group related by local Cli!ord uni-
taries or single-qubit Pauli rotations would serve equally
well—but it is the simplest construction that fulfills our
requirements.
Let Z

(i) and X
(i) denote the Pauli operators acting

on qubit i. We define the group

G
(n)
tetra =

〈
Z

(1)
Z

(2)
, Z

(2)
Z

(3)
, . . . , Z

(n→1)
Z

(n)
, X

↑n
〉

↓= Zn
2 ,

(24)
which consists of 2n commuting n-qubit Pauli strings
and meets both of the design criteria stated above.

The group G
(n)
tetra is abelian. We present in Appendix A

a possible approach to obtain the eigenbasis in which
all its elements can be diagonalized, showing that their

eigenstates can be written in the form

|”ωz,x↔ = S(n)

[
n→1⊗

i=1

|zi↔Z ↗ |x↔X

]
, (25)

for all ωz = (z1, . . . , zn→1) ↘ {0, 1}n→1
, x ↘ {0, 1}, where

we introduced the operator

S(n) = CNOT(2↓1) · · ·CNOT(n↓n→1) . (26)

More explicitly, we find that the eigenstates |”ωz,x↔ are
of the GHZ form 1↔

2
(|j1, . . . , jn↔ ± |j1 ≃ 1, . . . , jn ≃ 1↔)

(where ≃ denotes addition modulo 2).
As in the previous bipartite case, any equal-weight

superposition of these eigenvectors—i.e., any state of the
general form

∣∣∣ε(n)
tetra

〉
=

1⇐
2n

∑

(ωz,x)↗{0,1}n

e
iεωz,x |”ωz,x↔ , (27)

with ϑωz,x ↘ R defines a valid fiducial state.

Acting with the group elements of G(n)
tetra on this fidu-

cial state produces a full multi-qubit tetrahedral basis.
The completeness relation

∑

Ug↗G(n)
tetra

Ug

∣∣∣ε(n)
tetra

〉〈
ε
(n)
tetra

∣∣∣ U †
g = 1 (28)

then follows directly from Schur’s lemma.

A. Party-Permutation-Invariant fiducial states

A natural question is whether the family of n-qubit
tetrahedral bases admits a form of party-permutation
symmetry. Concretely, we ask for fiducial states that are
invariant under all permutations of the qubit subsystems:

Uϑ

∣∣∣ε(n)
PPI

〉
=

∣∣∣ε(n)
PPI

〉
⇒ϖ ↘ Sn, (29)

where Uϑ denotes the unitary that permutes the tensor
factors according to ϖ ↘ Sn (and with Sn denoting the
symmetric group). Note that while party-permutation
symmetry of the fiducial does not imply that each basis
state is itself party-permutation symmetric, all qubits
share the same set of possible single-qubit marginals
across the basis. Moreover, imposing party-permutation
symmetry on the fiducial state greatly reduces the num-
ber of free parameters needed to specify it (and hence
the entire basis).
Since any fully symmetric state lies in the span of

Dicke states, we consider fiducial states of the form

∣∣∣ε(n)
PPI

〉
=

n∑

k=0

ak e
iεk |Dk↔ , (30)

where |Dk↔ :=
∑

ωz:wt(ωz)=k |ωz↔ denotes the supernormal-
ized Dicke state of weight k (with wt(·) denoting the
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of this family characterized by reduced states whose
Bloch vectors form a regular tetrahedron. Imposing this
directly on the marginals leads to nonlinear equations
which are unsolvable in general. Instead, we leverage a
second defining feature of the EJM, its e!cient localiz-
ability, as a more tractable and operationally meaningful
criterion.

IV. EJM FROM LOCALIZABILITY

The EJM is locally encodable: each basis state |ωi→
can be generated from a single fiducial state via local
unitaries. Localizability asks the complementary ques-
tion: can the basis states be reliably distinguished using
only local operations and shared entanglement?

While this is always possible in principle [21, 22], the
amount of entanglement this requires may be very large
or even infinite. The entanglement cost thus provides
an operational measure of the nonlocal complexity of a
measurement.

This was formalized in Ref. [5], where it was shown that
the entanglement cost of implementing a measurement
basis via local operations depends on the membership of
the associated measurement unitary

M =
∑

g

|ωg→ ↑g| , (9)

where {|g→} denotes the computational basis, in a hier-
archy of sets V1 ⊋ · · · ⊋ Vk→1 ⊋ Vk ⊋ . . .. The integer
k ↓ 1 labels a level in this hierarchy and relates to the
amount of entanglement required to localize the mea-
surement. Specifically, the minimal entanglement cost
is determined by the smallest k such that M ↔ Vk. The
structure of Vk is poorly understood and an explicit char-
acterization is generally intractable. However, the EJM
is known to be in the lowest level where partially entan-
gled bases appear3: level k = 3.

At first, the di!culty of characterizing Vk explicitly
seems to hinder the generalization to more subsystems.
However, for tetrahedral bases, the additional symmetry
imposes a strong structure that allows significant simpli-
fication [19].

A key insight is that the Cli”ord hierarchy [23], a
complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
C3 ⊋ V3 [5].

First, we make the following observation on the struc-
ture of tetrahedral fiducials:

Observation 1 (Fiducial normal form). Every tetrahe-

dral fiducial state can be prepared as |ω→ = V |0→↑n
using

3
We label levels starting from k = 1 to align with the standard

convention for the Cli!ord hierarchy.

a unitary of the form

V = S(n) Hn Dωε H↑n , (10)

where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,

and S(n) is the operator defined in Eq. (7).

We now state the key theorem, proven in the com-
panion work [19], that characterizes the localizability of
tetrahedral bases.

Theorem 1 (Cli”ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω→ and define the basis-

change unitary

Mϑ :=
∑

g:Ug↓G(n)
tetra

Ug |ω→ ↑g| , (11)

with {|g→} denoting the computational basis, so that

Mϑ |g→ = Ug |ω→ = |ωg→ (and with U0 = 1). Considering

the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that

Dωε ↔ Ck =↗ Mϑ ↔ Ck. (12)

Remembering that Ck ⊋ Vk, the theorem above im-
plies that the localizability of a tetrahedral basis can be
analyzed by examining the diagonal phase gate used to
construct the fiducial. Diagonal unitaries in the Cli”ord
hierarchy were explicitly characterized by Ref. [24]. Any
diagonal gate Df acting on n qubits can be approximated
as

Df |εz→ = exp

(
2ϑi

f(εz)

2m

)
|εz→ , (13)

where

f : Zn
2 ↘ Z2m

is an integer-valued polynomial and m ↔ N determines
the phase precision.

The Cli”ord level of Df is jointly determined by the
weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
bounded weighted degree, only finitely many such poly-
nomials exist at each level k. In [19], we enumerate all
admissible Df and classify the corresponding tetrahedral
bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial

f(z1, z2) = z1z2

and m = 2. Building the fiducial state through the circuit
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only local operations and shared entanglement?

While this is always possible in principle [21, 22], the
amount of entanglement this requires may be very large
or even infinite. The entanglement cost thus provides
an operational measure of the nonlocal complexity of a
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the entanglement cost of implementing a measurement
basis via local operations depends on the membership of
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M =
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acterization is generally intractable. However, the EJM
is known to be in the lowest level where partially entan-
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At first, the di!culty of characterizing Vk explicitly
seems to hinder the generalization to more subsystems.
However, for tetrahedral bases, the additional symmetry
imposes a strong structure that allows significant simpli-
fication [19].

A key insight is that the Cli”ord hierarchy [23], a
complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
C3 ⊋ V3 [5].
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dral fiducial state can be prepared as |ω→ = V |0→↑n
using
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We label levels starting from k = 1 to align with the standard

convention for the Cli!ord hierarchy.

a unitary of the form

V = S(n) Hn Dωε H↑n , (10)

where Dωε is a diagonal phase gate (which contains the

phases eiεωz,x from Eq. (8)), H is the Hadamard gate,

and S(n) is the operator defined in Eq. (7).

We now state the key theorem, proven in the com-
panion work [19], that characterizes the localizability of
tetrahedral bases.

Theorem 1 (Cli”ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω→ and define the basis-

change unitary

Mϑ :=
∑

g:Ug↓G(n)
tetra

Ug |ω→ ↑g| , (11)

with {|g→} denoting the computational basis, so that

Mϑ |g→ = Ug |ω→ = |ωg→ (and with U0 = 1). Considering

the diagonal phase gate Dωε that appears in the normal

form of Eq. (10), one has, for k ↓ 2, that

Dωε ↔ Ck =↗ Mϑ ↔ Ck. (12)

Remembering that Ck ⊋ Vk, the theorem above im-
plies that the localizability of a tetrahedral basis can be
analyzed by examining the diagonal phase gate used to
construct the fiducial. Diagonal unitaries in the Cli”ord
hierarchy were explicitly characterized by Ref. [24]. Any
diagonal gate Df acting on n qubits can be approximated
as

Df |εz→ = exp

(
2ϑi

f(εz)

2m

)
|εz→ , (13)

where

f : Zn
2 ↘ Z2m

is an integer-valued polynomial and m ↔ N determines
the phase precision.

The Cli”ord level of Df is jointly determined by the
weighted degree and precision m of the phase polyno-
mial f [24]. Since f is defined over a finite field and has
bounded weighted degree, only finitely many such poly-
nomials exist at each level k. In [19], we enumerate all
admissible Df and classify the corresponding tetrahedral
bases. Here, we focus on those whose local reductions
form a regular tetrahedron—i.e., multiqubit generaliza-
tions of the EJM.

For two qubits, our criteria of local regular tetrahedral
symmetry combined with e!cient localizability uniquely
identify a single solution at Cli”ord level k = 3 [5]. This
corresponds to the phase polynomial

f(z1, z2) = z1z2

and m = 2. Building the fiducial state through the circuit

(10), one finds that the orbit of G(2)
tetra corresponds—up

3

of this family characterized by reduced states whose
Bloch vectors form a regular tetrahedron. Imposing this
directly on the marginals leads to nonlinear equations
which are unsolvable in general. Instead, we leverage a
second defining feature of the EJM, its e!cient localiz-
ability, as a more tractable and operationally meaningful
criterion.

IV. EJM FROM LOCALIZABILITY

The EJM is locally encodable: each basis state |ωi→
can be generated from a single fiducial state via local
unitaries. Localizability asks the complementary ques-
tion: can the basis states be reliably distinguished using
only local operations and shared entanglement?

While this is always possible in principle [21, 22], the
amount of entanglement this requires may be very large
or even infinite. The entanglement cost thus provides
an operational measure of the nonlocal complexity of a
measurement.

This was formalized in Ref. [5], where it was shown that
the entanglement cost of implementing a measurement
basis via local operations depends on the membership of
the associated measurement unitary

M =
∑

g

|ωg→ ↑g| , (9)

where {|g→} denotes the computational basis, in a hier-
archy of sets V1 ⊋ · · · ⊋ Vk→1 ⊋ Vk ⊋ . . .. The integer
k ↓ 1 labels a level in this hierarchy and relates to the
amount of entanglement required to localize the mea-
surement. Specifically, the minimal entanglement cost
is determined by the smallest k such that M ↔ Vk. The
structure of Vk is poorly understood and an explicit char-
acterization is generally intractable. However, the EJM
is known to be in the lowest level where partially entan-
gled bases appear3: level k = 3.

At first, the di!culty of characterizing Vk explicitly
seems to hinder the generalization to more subsystems.
However, for tetrahedral bases, the additional symmetry
imposes a strong structure that allows significant simpli-
fication [19].

A key insight is that the Cli”ord hierarchy [23], a
complexity-theoretic classification of unitaries, forms a
strict subset of Vk. While some localizable bases lie in
Vk but not in Ck, the EJM itself is known to belong to
C3 ⊋ V3 [5].

First, we make the following observation on the struc-
ture of tetrahedral fiducials:

Observation 1 (Fiducial normal form). Every tetrahe-

dral fiducial state can be prepared as |ω→ = V |0→↑n
using

3
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convention for the Cli!ord hierarchy.
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Diagonal gates in the Clifford hierarchy

conjugation with respect to Weyl–Heisenberg operators:

Cd,n
k :=

{
U → U(dn)

∣∣∣ UPd
nU

† ↑ Cd,n
k→1

}
, (53)

with the base case Cd,n
1 := Pd

n. Indeed, we always have
the inclusion [8]

Ck ⊋ Vk , (54)

where we dropped the superscripts n and d to simplify
notation. This inclusion is useful because the Cli!ord
hierarchy is relatively well understood, allowing us to
exploit its algebraic structure.
In the case of Weyl-Heisenberg-encoded tetrahedral

measurements, this connection enables a concrete anal-
ysis. The theorem below isolates the key structural
feature that determines localizability for all such bases:
the Cli!ord level of a single diagonal phase gate.
To identify the relevant phase gate, let us first note

that from the general form of tetrahedral fiducials in
Eq. (47), and using the definition of the eigenstates∣∣∣”(d)

ωz,x

〉
from Eq. (45), we can define the following normal

form for the unitary that prepares any fiducial state:

Observation 1 (Fiducial normal form). Every tetrahe-

dral fiducial state can be prepared as |ω↓ = V |0↓↑n
using

a unitary of the form

V = Sd(n)H
(n)
d

†
Dωε H

↑n
d , (55)

where Dωε is a diagonal phase gate (which contains the

phases e
iεωz,x from Eq. (47)), Hd =

∑
j,k ε

jk
d |j↓↔k| is the

generalized d-dimensional Hadamard gate (or discrete

Fourier transform), and Sd(n) is the operator defined in

Eq. (46).

We then have the following theorem:

Theorem 1 (Cli!ord level of a tetrahedral measurement
unitary). Fix a fiducial state |ω↓ and define the basis-

change unitary

Mϑ :=
∑

g:Ug↓G(n)
d

Ug |ω↓ ↔g| , (56)

with {|g↓} denoting the computational basis, so that

Mϑ |g↓ = Ug |ω↓ = |ωg↓ (and with U0 = 1). Consid-

ering the diagonal phase gate Dωε that appears in the

normal form of Eq. (55), one has, for k ↗ 2, that

Dωε → Ck =↘ Mϑ → Ck. (57)

Proof. Suppose |ω↓ = Sd(n)H
(n)
d

†
DωεH

↑n
d |0↓↑n with

Dωε → Ck, for some k ↗ 2. Define the fixed Cli!ord
operator

Cdiag := H
(n)
d Sd(n)

† → C2 (58)

which, as shown in Appendix A (see Eq. (A9)), maps the

generators of G(n)
d to the single-site (diagonal) operators

Zd. Conjugating Mϑ on the left, let us then define:

M̃ϑ := Cdiag Mϑ =
∑

g

Ũg(Cdiag |ω↓) ↔g| (59)

with Ũg:=CdiagUgC
†
diag. Using Cdiag |ω↓ = DωεH

↑n
d |0↓↑n

and the fact that Dωε and Ũg are all diagonal and there-
fore commute, we may write

M̃ϑ = Dωε

[
∑

g

ŨgH
↑n
d |0↓↑n ↔g|

]
. (60)

Finally, remembering that each Ũg is a product of Zd

operators and using the identity ZdHd = HdXd, we can
write
∑

g

Ũg H
↑n
d |0↓↑n ↔g| =

∑

g

H
↑n
d |g↓ ↔g| = H

↑n
d , (61)

which is in C2 ↑ Ck. Therefore M̃ϑ = Dωε H
↑n
d → Ck, and

finally Mϑ = C
†
diagM̃ϑ → Ck.

Remembering that Ck ⊋ Vk, the theorem above im-
plies that the localizability of any tetrahedral basis can
be analyzed by examining the diagonal phase gate used
to construct the fiducial. This is particularly advanta-
geous, as the structure of such gates is fully characterized
by the phase-polynomial formalism of Ref. [39] (see Ap-
pendix C). In what follows, we specialize to the qubit
case (i.e., d = 2). The higher-dimensional case remains
open and may be addressed in future work.
Cui-Gottesman-Krishna’s phase-polynomial frame-

work [39] considers diagonal unitary operators on n

qubits of the form

Dfm =
∑

ωz↓Zn
2

exp
[
i

2ϖ
2m fm(ϑz)

] ∣∣ϑz
〉〈
ϑz
∣∣, (62)

where the phase polynomial fm : Zn
2 ≃ Z2m is defined

as

fm(ϑz) =
∑

S↔[n] S ↗=↘

aS

∏

i↓S

zi mod 2m, (63)

with coe#cients aS → Z2m , and where m is referred to
as the precision of the polynomial. Any diagonal unitary
operator can indeed be approximated by an operator of
this form, up to a precision characterized by the value
of m.

For such operators, it was shown [39] that the lowest
level k for which Dfm → Ck is given by

k = max
S ↗=↘: aS ↗=0

[
(m⇐ ϖ2(aS)⇐ 1) + |S|

]
, (64)

where the maximization runs over all nonempty mono-
mial sets S, where |S| denotes the cardinality of S (i.e.,
the number of variables appearing in the corresponding
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k = max
S ↗=↘: aS ↗=0

[
(m⇐ ϖ2(aS)⇐ 1) + |S|

]
, (64)

where the maximization runs over all nonempty mono-
mial sets S, where |S| denotes the cardinality of S (i.e.,
the number of variables appearing in the corresponding
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conjugation with respect to Weyl–Heisenberg operators:

Cd,n
k :=

{
U → U(dn)

∣∣∣ UPd
nU

† ↑ Cd,n
k→1

}
, (53)

with the base case Cd,n
1 := Pd

n. Indeed, we always have
the inclusion [8]

Ck ⊋ Vk , (54)

where we dropped the superscripts n and d to simplify
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measurements, this connection enables a concrete anal-
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ωz,x

〉
from Eq. (45), we can define the following normal
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V = Sd(n)H
(n)
d

†
Dωε H

↑n
d , (55)
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phases e
iεωz,x from Eq. (47)), Hd =

∑
j,k ε

jk
d |j↓↔k| is the

generalized d-dimensional Hadamard gate (or discrete

Fourier transform), and Sd(n) is the operator defined in

Eq. (46).

We then have the following theorem:
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change unitary

Mϑ :=
∑

g:Ug↓G(n)
d

Ug |ω↓ ↔g| , (56)
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(n)
d

†
DωεH

↑n
d |0↓↑n with
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(n)
d Sd(n)
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†
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∑

g

ŨgH
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∑

g
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∑

g

H
↑n
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↑n
d , (61)
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pendix C). In what follows, we specialize to the qubit
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ωz↓Zn
2

exp
[
i

2ϖ
2m fm(ϑz)

] ∣∣ϑz
〉〈
ϑz
∣∣, (62)
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Diagonal unitaries can be approximated as

where 

The Clifford level 𝑘 of these unitaries is determined
by  degree |𝑺|	and precision 𝒎 of the polynomial

S. X. Cui, D. Gottesman, and A. Krishna, PRA (2017)
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(Eq. (23)) as a function of the interpolation

angle ε. The horizontal axis is shown in fractions of ϑ.
The Bell-state measurement (BSM, ε = ϑ/2) occurs at
level k = 2, while the EJM (ε = 0) occurs at level
k = 3. In between, rational values of ε/ϑ yield discrete
points with localization level k = 1→ ϖ2

(
ω
2ε + 1

4

)
, see

Eq. (69). Higher dyadic fractions thus interpolate
between the two endpoints, producing an infinite
family of localizable tetrahedral bases at increasing
levels.

according to their geometric structure. By the same
arguments for the n = 2 case, it is su!cient to consider
precisions m such that k→2 ↑ m ↑ k. The full set of ge-
ometries is extensive and available in the computational
appendix on GitHub [40]. Here, we highlight several key
features.

Like in the two-qubit case, at level k = 1 (m = 1) we
again only find product bases. At level k = 2 (m = 1, 2),
we also obtain fiducial states with one qubit in a pure
state, the other two in a maximally entangled state (e.g.
of the form |”+↓ |0↓) or with all three marginals com-
pletely mixed (e.g. of the form 1→

2
(|”+↓ |0↓+ |#+↓ |1↓)).

At k = 3, many bases resemble combinations or exten-
sions of the known two-qubit geometries. For instance,
the level-3 phase polynomial

fm=1(z1, z2, z3) = z1z2z3 mod 2, (71)

yields a configuration of squares, reminiscent of the E2

basis. Similarly, the polynomial

fm=3(z1, z2, z3) = z1 + z2 + z3 +4z1z2z3 mod 23 (72)

produces a configuration with an irregular tetrahedron
on the first qubit, a rectangle on the second and a square
on the third.
At level k = 4, we find several unique geometries,

including a regular tetrahedral bases. This geometry
has half the size of the two-qubit EJM. One example
corresponds to the degree-3 polynomial at precision m =
2,

fm=2(z1, z2, z3) = z1z3 + z1z2z3 mod 22 . (73)

The associated fiducial state is explicitly given by

|ω↓ = 1

2

[
1, 0, 0, 1↑i

2 ,
1+i
2 , 1, 1, 0

]T
. (74)

In Ref. [42], we analyze in detail the solutions whose
single-qubit marginals form regular tetrahedra on the
Bloch sphere. For n = 3, we find that although a geo-
metrically unique regular configuration first appears at
level k = 4 of the hierarchy, it appears in multiple bases
that are not related by local unitaries, reflecting the
richness of multipartite entanglement. For n = 4, the
first such configurations—where all single-qubit Bloch
vectors form regular tetrahedra—appear at level k = 5.

VIII. DISCUSSION AND OUTLOOK

Inspired by the Elegant Joint Measurement
(EJM) [15]—an example of a partially entangled mea-
surement with symmetric local structure (tetrahedral
single-qubit marginals) and interesting properties
and applications—we developed a framework that
abstracts and generalizes these features. Specifically, we
constructed families of highly structured orthonormal
bases as group orbits of fiducial states under tensor-
product Weyl–Heisenberg actions, extending features
of the EJM to multi-qubit and qudit systems. The
resulting bases are locally encodable by construction
and exhibit rich symmetry properties: geometric (e.g.,
tetrahedral or rectangular arrangements of Bloch
vectors), algebraic (arising from group covariance), and
entanglement-theoretic (isoentanglement). Moreover, we
show that the problem of determining localization cost,
which is generally hard [8], admits a simple solution for
this class of bases, enabling a general classification of
the measurements we construct. Finally, our framework
naturally recovers as special cases the families of
two-qudit measurements studied in Refs. [17, 32].

Several open directions emerge from this study. First,
a natural goal is to develop a systematic method for
imposing additional local geometric constraints on the
single-qubit reductions of fiducial states. In partic-
ular, identifying general conditions under which the
single-qubit reductions lie on specific geometric config-
urations—such as regular tetrahedra, squares, or other
symmetric constellations.

A second avenue concerns the classification of localiz-
able tetrahedral bases in higher dimensions. While the
two-qudit measurement proposed in Ref. [17] generalizes
some geometric features of EJM, it is not e!ciently lo-
calizable. Can we find a family of two-qudit bases that
is? Establishing such constructions would be of practical
interest for entanglement-assisted protocols in quantum
networks and for implementing symmetric measurements
in measurement-based quantum computation.
One may ask whether the local symmetry exploited

here—tetrahedral symmetry generated by the single-
qubit Pauli group—admits meaningful generalizations.
While the Pauli group preserves the tetrahedron, it does
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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FIG. 1. Local Bloch structure of the Elegant Joint Measure-
ment. The local Bloch vectors of the EJM basis point to
the vertices of a regular tetrahedron: ωm1 = 1→
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1→
3
(1, →1, →1), ωm3 = 1→
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The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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mensions [11]. However, these e!orts have faced persis-
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In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader
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which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences

The Multiqubit Elegant Joint Measurement

I. INTRODUCTION

The Elegant Joint Measurement (EJM) was first for-
mally introduced in Ref. [1], though it appeared in earlier
forms in di!erent contexts [2, 3]. It is defined as the two-
qubit orthonormal basis

|ωi→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εm→ is the eigenket of a spin state with Blochvector
εm and |εmi→ point the vertices of the regular tetrahedron,
see Fig. 1.

FIG. 1. Local Bloch structure of the Elegant Joint Measure-
ment. The local Bloch vectors of the EJM basis point to
the vertices of a regular tetrahedron: ωm1 = 1→

3
(1, 1, 1), ωm2 =

1→
3
(1, →1, →1), ωm3 = 1→

3
(→1, 1, →1), and ωm4 = 1→

3
(→1, →1, 1).

The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences

The Multiqubit Elegant Joint Measurement

I. INTRODUCTION

The Elegant Joint Measurement (EJM) was first for-
mally introduced in Ref. [1], though it appeared in earlier
forms in di!erent contexts [2, 3]. It is defined as the two-
qubit orthonormal basis

|ωi→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εm→ is the eigenket of a spin state with Blochvector
εm and |εmi→ point the vertices of the regular tetrahedron,
see Fig. 1.

FIG. 1. Local Bloch structure of the Elegant Joint Measure-
ment. The local Bloch vectors of the EJM basis point to
the vertices of a regular tetrahedron: ωm1 = 1→

3
(1, 1, 1), ωm2 =

1→
3
(1, →1, →1), ωm3 = 1→

3
(→1, 1, →1), and ωm4 = 1→

3
(→1, →1, 1).

The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences

The Multiqubit Elegant Joint Measurement

I. INTRODUCTION

The Elegant Joint Measurement (EJM) was first for-
mally introduced in Ref. [1], though it appeared in earlier
forms in di!erent contexts [2, 3]. It is defined as the two-
qubit orthonormal basis

|ωi→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εm→ is the eigenket of a spin state with Blochvector
εm and |εmi→ point the vertices of the regular tetrahedron,
see Fig. 1.

FIG. 1. Local Bloch structure of the Elegant Joint Measure-
ment. The local Bloch vectors of the EJM basis point to
the vertices of a regular tetrahedron: ωm1 = 1→

3
(1, 1, 1), ωm2 =

1→
3
(1, →1, →1), ωm3 = 1→

3
(→1, 1, →1), and ωm4 = 1→

3
(→1, →1, 1).

The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X, Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-
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The Elegant Joint Measurement (EJM) is a highly symmetric, partially entangled two-qubit mea-
surement whose local marginals form a regular tetrahedron on the Bloch sphere and which has a low
entanglement cost for local implementation. It plays a central role in quantum networks exhibiting
nonclassical correlations and serves as a paradigmatic example of an entangled measurement with
local structure. Despite its significance, generalizing the EJM beyond two qubits has remained
unresolved. Here, we extend the EJM to the multipartite setting by identifying all tetrahedrally
symmetric, e!ciently localizable multiqubit bases. For two qubits, these criteria uniquely select
the EJM. For three or more, they yield a discrete set of equivalence classes, reflecting the richer
structure of multiparticle entanglement.

I. INTRODUCTION

While entangled states have been studied extensively,
the structure of entangled measurements—and their
role in quantum protocols-remains comparatively under-
explored [1]. The Elegant Joint Measurement (EJM) pro-
vides a concrete and highly symmetric example of such a
measurement, where entanglement coexists with strong
local structure.

The EJM was first formally introduced in Ref. [2],
though it appeared in earlier forms in di!erent contexts
[3]. It is defined as the two-qubit orthonormal basis

|ωEJM,i→ =

↑
3 + 1

2
↑

2
|εmi, ↓εmi→ +

↑
3 ↓ 1

2
↑

2
|↓εmi, εmi→ , (1)

where |εmi→ and |↓εmi→ are the eigenstates of the qubit
observable along Bloch vectors εmi pointing to the vertices
of a regular tetrahedron (see Fig. 1).

The EJM has several appealing properties. It is iso-
entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
so it has both nonlocal and local structure. Remarkably,
this local structure is, in a sense, maximal: the qubit
marginals point to the vertices of a regular tetrahedron
on the Bloch sphere, forming a symmetric information-
ally complete (SIC) set [4]. Furthermore, the EJM is one
of the few two-qubit measurements that can be e”ciently
localized—i.e., implemented via local operations at low
entanglement cost [5].

This symmetry and geometric structure give rise to
several notable applications. In particular, it generates
the so-called Elegant Distribution in the triangle net-
work [2], which exhibits genuine network nonlocality—a
form of nonclassical correlations irreducible to Bell non-
locality [6–9]. The EJM has also been used in bilocality
tests [10–12], quantum teleportation [13], and the study
of measurement incompatibility [14]. These properties
have established the EJM as a benchmark example of
an entangled measurement, especially in the context of
quantum networks.

This motivates generalization—either to higher-
dimensional systems or multipartite settings. Several at-
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The EJM has several appealing properties. It is iso-

entangled, meaning that all basis states share the same
degree of entanglement. It is only partially entangled,
which means that it has both nonlocal and local struc-
ture. Remarkably, this local structure is in a sense max-
imal: the qubit marginals form a regular tetrahedron on
the Bloch sphere, corresponding to a symmetric informa-
tionally complete (SIC) set [4]. Furthermore, the EJM
is one of the few known two-qubit measurements that
can be e”ciently localized—i.e., implemented via local
operations at low entanglement cost [5].

Its symmetry and geometric structure give rise to sev-
eral notable applications. In particular, it generates the
so-called Elegant Distribution in the triangle network [1],
which exhibits genuine network nonlocality—a type of
nonlocality that cannot be reduced to Bell-type correla-
tions [6, 7]. The EJM has also found uses in bilocality
scenarios [8], quantum teleportation [9], and the study of
measurement incompatibility [10].

In recent years, the EJM has gained something of a
cult status, particularly in the context of quantum net-
works, where it underpins several striking examples of
nonclassical correlations. Its symmetry, partial entangle-
ment, and informational structure motivate generaliza-
tion—either to higher-dimensional systems or to multi-
partite settings. Several attempts in this direction have
been made, and progress has been achieved in higher di-
mensions [11]. However, these e!orts have faced persis-
tent challenges: parametric extensions are very di”cult,
and its defining features do not generalize straightfor-
wardly [12]. Despite the interest it has attracted, a clean
and operationally meaningful extension of the EJM to
more than two qubits has remained elusive.

In this work, we take a di!erent approach. We begin by
abstracting the EJM as a special case within a broader

family of bases characterized by tetrahedral symmetry,
which we define for arbitrary numbers of qubits and di-
mensions. A full exploration of this family is presented in
[13]. Here, we focus on the qubit case, showing how the
EJM—and its generalizations to more qubits—emerges
as the e”ciently localizable tetrahedral basis with regu-
lar geometric structure.

II. EJM AS A GROUP-ORBIT BASIS

We start with two observations. The EJM is iso-
entangled, meaning that each of the states has the same
degree of entanglement. From the Schmidt decomposi-
tion, this directly implies that it is locally encodable[14],
i.e. there exist local unitaries UA

i and UB
i such that the

EJM basis can be written |ωi→ = UA
i ↔UB

i |ω→, where |ω→
is one of the basis elements in

A second property is the local tetrahedral symmetry.
Tetrahedral symmetry is generated by the Pauli group
↗X, Z→, where X and Z are the Pauli matrices.

Based on these two properties, it can be seen that the
EJM can be written as a group-covariant measurement,
i.e. generated from the orbit of the order four group

GEJM ↘→X ↔ X,Z ↔ Z↗ . (2)

for some fiducial state. Importantly, the tetrahedral
symmetry group generates more than just the regular
tetrahedron. It also generates irregular tetrahedra and
planar square configurations. This additional local ge-
ometric symmetry is encoded by the particular fiducial
state. However, let’s first take a step back, generalize the
symmetry group and characterise all orthonormal bases
that have this tetrahedral symmetry.

III. QUBIT TETRAHEDRAL BASES

For our n-qubit symmetry group we have two desider-
ata: (i) local tetrahedral symmetry i.e. locally Pauli
group (ii) globally abelian.

This leads to the following definition1

Not every state will lead to an orthonormal basis. Since
our group is abelian, our group decomposes into 2n 1
dimensional irreps, we know from Shur’s lemma

where are the eigenvectors. To construct them explic-
itly, we simply start from the simple representation

which has seperable eigenvectors. The unitary that
connects these representation is C(n). Hence the eigen-
vectors of are.

1
Unique up to Cli!ord equivalences
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tempts in this direction have been made and progress
has been achieved in higher dimensions [15]. However,
these e!orts have faced persistent challenges: paramet-
ric extensions are very challenging, and some features do
not generalize straightforwardly due to the complexity
of multiparty entanglement [16]. Despite the interest it
has attracted, a clean and operationally meaningful ex-
tension of the EJM to more than two subsystems has
remained elusive.

Here, we take a di!erent approach. We begin by ab-
stracting the EJM as a special member of a family of
locally encodable [17, 18] bases characterized by tetrahe-
dral symmetry, which we define for an arbitrary number
of qubits. A detailed exploration of this family (including
a higher-dimensional generalization) is presented in [19].
Here, we show how the EJM—and its generalizations to
more qubits—emerges as the e”ciently localizable tetra-
hedral bases with regular tetrahedral structure.

To make this construction concrete, it is useful to give
a schematic form for the multiqubit case. Each n-qubit
EJM basis vector can be written as

|ω→ =
∑

s→{±}n

cs
∣∣ s1 ↔s2 ↔· · ·↔sn

〉
, (2)

where each sl ↗ {+, ↓} selects the sign of the tetrahe-

ar
X

iv
:2

50
9.

01
85

2v
1 

 [q
ua

nt
-p

h]
  2

 S
ep

 2
02

5



Using localizability to find a ‘multiqubit EJM’ 
among tetrahedral bases

1) Iterate over all low-level polynomials

2) Look for isotropic Bloch patterns

JP, N. Gisin, arXiv (2025)

FIG. 2: Configurations of local Bloch vectors generated by the three-qubit fiducial states of Eqs. (34) (top) and (35)
(bottom). Top: all three qubits share the same tetrahedral orientation. Bottom: qubits 1 and 2 share the same
orientation, qubit 3 has the opposite orientation. Each configuration shows the four vertices of a regular
tetrahedron inscribed in the Bloch sphere; for each qubit every Bloch vector occurs in two basis states and the
pairing of states di!ers between qubits.

real subspace. In this case, the Bloch vectors lie entirely
in the X → Z plane, and their arrangement under the
Pauli group action forms a rectangle.
The following real-valued fiducial state corresponds

geometrically to a configuration of rectangles for any
number of qubits:

∣∣∣ω(n)
rect

〉
=

1↑
2n→1

[
0, 0, . . . , 0︸ ︷︷ ︸

2n→1→1

, 1, 0, 1, 1, . . . , 1︸ ︷︷ ︸
2n→1→1

]T
. (36)

This is a real state supported only on computational ba-
sis vectors of the form |0, 1, 1, . . . , 1↓ or |1, j2, j3, . . . , jn↓
with (j2, j3, . . . , jn) ↔= (0, 0, . . . , 0). Each generator
Z

(i)
Z

(i+1) flips the sign of a basis element if and only
if the adjacent bit values at positions i, i + 1 are dif-
ferent; over the support these ±1 contributions cancel
exactly (the single imbalance from excluding |1, 0, . . . , 0↓
is compensated by the vector |0, 1, . . . , 1↓), leading to
zero expectation. Similarly, the global operator X

↑n

maps every basis string to its bitwise complement, which
lies outside the support. Hence all o!-diagonal overlaps
vanish, and the orbit defines a valid orthonormal basis.

For n = 2, the fiducial state is separable. For n > 2,
the resulting states are partially entangled, with the de-
gree of entanglement, measured by single-qubit entropy,
decreasing with n (or equivalently, with local Bloch vec-
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construction underlying the EJM admits a meaningful
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2 reduced density
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∣∣ε↓
j,k

〉
→ q e

iω
∣∣”+

d

〉
, (37)

where ·↓ denotes complex conjugation in the compu-
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TABLE I: Localizable tetrahedral n = 2 qubit bases at level k = 4. For each geometric class, we report one
representative phase polynomial, the corresponding fiducial state and the Bloch vectors of the qubit reductions. In
this table we defined c := cos ω

8 , s := sin ω
8 .

members of this family appear at higher levels of the
hierarchy.

Indeed, the fiducial state
∣∣ωε

EJM

〉
can be written in the

normal form of Eq. (55) with the diagonal phase gate

Dϑϖ = diag(1, eiω/2, e→iω/2
, e

i(ε+ω/2)) , (67)

(see Eq. (22)). Considering a value of ε → [0,ϑ/2] such
that ε/ϑ is rational, we may write ε = 2ϑϖ/2m, for some
precision value m ↑ 2 and some integer ϖ. One then has
ε + ϑ/2 = 2ϑ(ϖ+ 2m→2)/2m, and the diagonal unitary
Dϑϖ above gets generated by the phase polynomial

fm(z1, z2) = ↓2m→2
z1 + 2m→2

z2 + (ϖ+ 2m→2)z1z2
mod 2m. (68)

Noting that the quadratic term z1z2 dominates in
Eq. (64), one finds that the localization level of this
family is given by

k = (m↓ ϱ2(ϖ+ 2m→2)↓ 1) + 2

= 1↓ ϱ2

(
ε
2ω + 1

4

)
, (69)

where we extended the 2-adic valuation to rational
numbers via ϱ2(r/s) = ϱ2(r) ↓ ϱ2(s) and used the
fact that ϱ2

(
2m

2ω (ε + ϑ/2)
)

= m + ϱ2

(
ε
2ω + 1

4

)
; see

Fig. 4. This recovers our earlier results for the Bell
basis (m = 2, ϖ = 1 ↔ k = 2), the EJM (ϖ = 0 ↔ k = 3),
and defines an infinite family of regular tetrahedra of

radius
↑
3
2 cos ε =

↑
3
2 cos

(
2ωϱ
2m

)
, each localizable at the

level k given in Eq. (69).
We conjecture that there similarly exist other phase-

polynomial families generalizing both the twisted Bell
bases (parameterized by the twisting angle) and the E2

family.

B. Three-qubit hierarchy

We extend the systematic classification of tetrahedral
bases to three-qubit systems. For three qubits, the
general Boolean phase polynomial fm : Z3

2 ↗ Z2m has
maximal algebraic degree 3, given explicitly by

fm(z1, z2, z3) = a1 z1 + a2 z2 + a3 z3

+ a12 z1 z2 + a13 z1 z3 + a23 z2 z3

+ a123 z1 z2 z3 mod 2m. (70)

The Cli!ord hierarchy level is again determined by
Eq. (64). We enumerate and classify all resulting tetra-
hedral bases at levels k = 1, 2, 3, 4, organizing them
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The 3-qubit EJM

At level 𝑘 = 4 unique isotropic geometry:
Regular tetrahedron precisely ½ volume of the 2 qubit EJM

Different entanglement types
(all equal pairwise concurrence, 
different 3-tangle> 0)

4

to local unitaries and relabelings—to the original EJM
defined in Eq. (1), see Appendix A. Although other
configurations—such as rectangles or collinear arrange-
ments—also arise at this level, the requirement that
all Bloch components be non-zero uniquely selects this
canonical structure.

V. THREE QUBIT EJM

The situation becomes richer for three qubits. At Clif-
ford level k = 3, tetrahedral bases only extend trivial
two-qubit geometries (e.g., a tetrahedron combined with
a planar structure) [19]. However, at level k = 4, fully
regular tetrahedral configurations emerge, all with lo-
cal Bloch vectors exactly half the norm of the two-qubit
EJM, |ωm| =

→
3/4. All configurations have the same geo-

metric chirality: the local Bloch vectors form identically
oriented tetrahedra on each qubit. This consistent hand-
edness distinguishes them from the two-qubit EJM. Re-
markably, despite identical local geometry, these give rise
to multiple locally inequivalent bases. We identify four
di!erent classes based on the three-tangle of the fiducial
state (quantifying genuine tripartite entanglement [25]).
For each tangle, we have two classes of bases which di!er
by complex conjugation (which cannot be implemented
with local unitaries). All other bases are equivalent up
to local Cli!ord unitaries.

All fiducials exhibit identical pairwise concurrence
across all qubit pairs, underscoring their high symmetry
and the genuinely tripartite nature of the entanglement,
equally distributed among parties—unlike the paramet-
ric construction of [16], which lacks genuine three-party
entanglement. Full details and explicit representatives
are provided in Appendix B.

Explicitly, a representative of the least entangled class
(with full party-permutation symmetry) arises from the
phase polynomial

f(z1, z2, z3) = 3z1z3 + z2z3 + 3z1z2z3 ,

and precision m = 2. The corresponding fiducial state is
then constructed via the circuit of Eq. (10). This state
has all reduced Bloch vectors point along ωm1, which al-
lows us to express it as

|ε↑ = c0 |↓ωm1, ↓ωm1, ↓ωm1↑
+ c1

(
|ωm1, ↓ωm1, ↓ωm1↑ + perms.

)

+ c2

(
|ωm1, ωm1, ↓ωm1↑ + perms.

)

+ c3 |ωm1, ωm1, ωm1↑ .

(14)

This makes explicit how the action of G(3)
tetra generates a

full orthonormal basis with regular tetrahedral structure,
as in Eq. (2). The full derivation and analytic expressions
for the coe”cients ci are provided in Appendix C.

VI. FOUR QUBITS AND BEYOND

For four qubits, we find many regular tetrahedral basis
configurations, which first appear at level k = 5 of the
Cli!ord hierarchy. Compared to the two- and three-qubit
cases, two new features emerge. First, we observe the
existence of multiple geometric chiralities. Second, we
identify two di!erent tetrahedron sizes: one with |ωm| =→

3/8, which is exactly half the size of the two-qubit case,
and another with |ωm| = 3

→
3/8, which lies between the

sizes observed in the two- and three-qubit cases. We
provide two explicit examples in Appendix D.

These bases realize genuine multiqubit extensions of
the EJM, demonstrating that such structures persist in
larger systems. A full classification of four-qubit (and
higher) tetrahedral bases is left for future work.

These observations motivate the following conjecture.

Conjecture 1. Regular tetrahedral measurement bases,

such as the Elegant Joint Measurement (EJM), exist for

arbitrary n and always lie in level Cn+1 of the Cli!ord

hierarchy with precision m = 2. While multiple inequiv-

alent EJM classes emerge as n grows, we conjecture that

at least one such class gives rise to a family in which

the reduced Bloch vectors exhibit predicable length scal-

ing, namely ↔ωm↔ =
→

3/2n→1
.

VII. DISCUSSION

This work reveals a deep structure of some n-qubit
joint measurements. All eigenstates share the same de-
gree of partial entanglement and all local Bloch vec-
tors point toward the vertices of the regular tetrahedron.
Consequently, these measurements demonstrate a com-
bination of local and non-local structures. They build
on a striking interplay between symmetry, group struc-
ture, local encodability, and localizability. By examin-
ing localizability within a broad class of group-covariant
bases with tetrahedral symmetry, we identify the Elegant
Joint Measurement as a distinguished, highly symmet-
ric solution in this landscape. While the local geometry
is uniquely fixed—each qubit exhibiting the same tetra-
hedral structure—the three-qubit case admits multiple
inequivalent classes of globally entangled bases. All rep-
resentatives display genuine tripartite entanglement and
identical pairwise concurrences, highlighting the richer
structure of multipartite entanglement.

A central open question is whether there exists a
closed-form expression for the phase polynomial defining
the n-qubit EJM for arbitrary n. Such a result would
complete the geometric and operational characterization
initiated here. Going further, it would be interesting to
find a general parametric family of EJM bases that in-
terpolate between di!erent entanglement classes, similar
to the results of [10] in the two-qubit case.

Beyond the measurement itself, our findings pave the
way for generalizing the Elegant Distribution to quantum
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FIG. 2: Configurations of local Bloch vectors generated by the three-qubit fiducial states of Eqs. (34) (top) and (35)
(bottom). Top: all three qubits share the same tetrahedral orientation. Bottom: qubits 1 and 2 share the same
orientation, qubit 3 has the opposite orientation. Each configuration shows the four vertices of a regular
tetrahedron inscribed in the Bloch sphere; for each qubit every Bloch vector occurs in two basis states and the
pairing of states di!ers between qubits.

real subspace. In this case, the Bloch vectors lie entirely
in the X → Z plane, and their arrangement under the
Pauli group action forms a rectangle.
The following real-valued fiducial state corresponds

geometrically to a configuration of rectangles for any
number of qubits:

∣∣∣ω(n)
rect

〉
=

1↑
2n→1

[
0, 0, . . . , 0︸ ︷︷ ︸

2n→1→1

, 1, 0, 1, 1, . . . , 1︸ ︷︷ ︸
2n→1→1

]T
. (36)

This is a real state supported only on computational ba-
sis vectors of the form |0, 1, 1, . . . , 1↓ or |1, j2, j3, . . . , jn↓
with (j2, j3, . . . , jn) ↔= (0, 0, . . . , 0). Each generator
Z

(i)
Z

(i+1) flips the sign of a basis element if and only
if the adjacent bit values at positions i, i + 1 are dif-
ferent; over the support these ±1 contributions cancel
exactly (the single imbalance from excluding |1, 0, . . . , 0↓
is compensated by the vector |0, 1, . . . , 1↓), leading to
zero expectation. Similarly, the global operator X

↑n

maps every basis string to its bitwise complement, which
lies outside the support. Hence all o!-diagonal overlaps
vanish, and the orbit defines a valid orthonormal basis.

For n = 2, the fiducial state is separable. For n > 2,
the resulting states are partially entangled, with the de-
gree of entanglement, measured by single-qubit entropy,
decreasing with n (or equivalently, with local Bloch vec-
tor lengths increasing with n). Geometrically, for each
qubit the four Pauli-conjugate points lie in the X→Z

plane and form a rectangle with side lengths 2 · 4
2n and

2 ·
(
1→ 4

2n

)
; for the first qubit these two sides are inter-

changed with respect to the other qubits. This rectangle
is a square for n = 3.

This construction thus yields a simple n-qubit family of
real-valued tetrahedral bases with rectangular symmetry
in the local Bloch planes.

VI. HIGHER DIMENSIONS

A natural question is whether the group-theoretic
construction underlying the EJM admits a meaningful
extension to higher local dimensions. Ref. [17] proposed a
generalization consisting of an orthonormal basis in Cd↗
Cd that maximizes the single-party distinguishability of
the basis vectors, meaning that the d

2 reduced density
matrices on one subsystem are as far apart as possible
in trace distance. Geometrically, this corresponds to
the reductions forming a regular simplex in the space of
density operators. When the reductions are pure, this
condition defines a symmetric informationally complete
measurement (SIC-POVM). For d = 2, the optimal basis
coincides with the two-qubit EJM.

Explicitly, for every dimension d where a SIC-POVM
{|εj,k↓}dj,k=1 exists, Ref. [17] defined the two-qudit basis

∣∣∣ω(d)
j,k

〉
=

√
d+1
d |εj,k↓ ↗

∣∣ε↓
j,k

〉
→ q e

iω
∣∣”+

d

〉
, (37)

where ·↓ denotes complex conjugation in the compu-

8



FIG. 2: Configurations of local Bloch vectors generated by the three-qubit fiducial states of Eqs. (34) (top) and (35)
(bottom). Top: all three qubits share the same tetrahedral orientation. Bottom: qubits 1 and 2 share the same
orientation, qubit 3 has the opposite orientation. Each configuration shows the four vertices of a regular
tetrahedron inscribed in the Bloch sphere; for each qubit every Bloch vector occurs in two basis states and the
pairing of states di!ers between qubits.

real subspace. In this case, the Bloch vectors lie entirely
in the X → Z plane, and their arrangement under the
Pauli group action forms a rectangle.
The following real-valued fiducial state corresponds

geometrically to a configuration of rectangles for any
number of qubits:

∣∣∣ω(n)
rect

〉
=

1↑
2n→1

[
0, 0, . . . , 0︸ ︷︷ ︸

2n→1→1

, 1, 0, 1, 1, . . . , 1︸ ︷︷ ︸
2n→1→1

]T
. (36)

This is a real state supported only on computational ba-
sis vectors of the form |0, 1, 1, . . . , 1↓ or |1, j2, j3, . . . , jn↓
with (j2, j3, . . . , jn) ↔= (0, 0, . . . , 0). Each generator
Z

(i)
Z

(i+1) flips the sign of a basis element if and only
if the adjacent bit values at positions i, i + 1 are dif-
ferent; over the support these ±1 contributions cancel
exactly (the single imbalance from excluding |1, 0, . . . , 0↓
is compensated by the vector |0, 1, . . . , 1↓), leading to
zero expectation. Similarly, the global operator X

↑n

maps every basis string to its bitwise complement, which
lies outside the support. Hence all o!-diagonal overlaps
vanish, and the orbit defines a valid orthonormal basis.

For n = 2, the fiducial state is separable. For n > 2,
the resulting states are partially entangled, with the de-
gree of entanglement, measured by single-qubit entropy,
decreasing with n (or equivalently, with local Bloch vec-
tor lengths increasing with n). Geometrically, for each
qubit the four Pauli-conjugate points lie in the X→Z

plane and form a rectangle with side lengths 2 · 4
2n and

2 ·
(
1→ 4

2n

)
; for the first qubit these two sides are inter-

changed with respect to the other qubits. This rectangle
is a square for n = 3.

This construction thus yields a simple n-qubit family of
real-valued tetrahedral bases with rectangular symmetry
in the local Bloch planes.

VI. HIGHER DIMENSIONS

A natural question is whether the group-theoretic
construction underlying the EJM admits a meaningful
extension to higher local dimensions. Ref. [17] proposed a
generalization consisting of an orthonormal basis in Cd↗
Cd that maximizes the single-party distinguishability of
the basis vectors, meaning that the d

2 reduced density
matrices on one subsystem are as far apart as possible
in trace distance. Geometrically, this corresponds to
the reductions forming a regular simplex in the space of
density operators. When the reductions are pure, this
condition defines a symmetric informationally complete
measurement (SIC-POVM). For d = 2, the optimal basis
coincides with the two-qubit EJM.

Explicitly, for every dimension d where a SIC-POVM
{|εj,k↓}dj,k=1 exists, Ref. [17] defined the two-qudit basis

∣∣∣ω(d)
j,k

〉
=

√
d+1
d |εj,k↓ ↗

∣∣ε↓
j,k

〉
→ q e

iω
∣∣”+

d

〉
, (37)

where ·↓ denotes complex conjugation in the compu-

8

FIG. 2: Configurations of local Bloch vectors generated by the three-qubit fiducial states of Eqs. (34) (top) and (35)
(bottom). Top: all three qubits share the same tetrahedral orientation. Bottom: qubits 1 and 2 share the same
orientation, qubit 3 has the opposite orientation. Each configuration shows the four vertices of a regular
tetrahedron inscribed in the Bloch sphere; for each qubit every Bloch vector occurs in two basis states and the
pairing of states di!ers between qubits.

real subspace. In this case, the Bloch vectors lie entirely
in the X → Z plane, and their arrangement under the
Pauli group action forms a rectangle.
The following real-valued fiducial state corresponds

geometrically to a configuration of rectangles for any
number of qubits:

∣∣∣ω(n)
rect

〉
=

1↑
2n→1

[
0, 0, . . . , 0︸ ︷︷ ︸

2n→1→1

, 1, 0, 1, 1, . . . , 1︸ ︷︷ ︸
2n→1→1

]T
. (36)

This is a real state supported only on computational ba-
sis vectors of the form |0, 1, 1, . . . , 1↓ or |1, j2, j3, . . . , jn↓
with (j2, j3, . . . , jn) ↔= (0, 0, . . . , 0). Each generator
Z

(i)
Z

(i+1) flips the sign of a basis element if and only
if the adjacent bit values at positions i, i + 1 are dif-
ferent; over the support these ±1 contributions cancel
exactly (the single imbalance from excluding |1, 0, . . . , 0↓
is compensated by the vector |0, 1, . . . , 1↓), leading to
zero expectation. Similarly, the global operator X

↑n

maps every basis string to its bitwise complement, which
lies outside the support. Hence all o!-diagonal overlaps
vanish, and the orbit defines a valid orthonormal basis.

For n = 2, the fiducial state is separable. For n > 2,
the resulting states are partially entangled, with the de-
gree of entanglement, measured by single-qubit entropy,
decreasing with n (or equivalently, with local Bloch vec-
tor lengths increasing with n). Geometrically, for each
qubit the four Pauli-conjugate points lie in the X→Z

plane and form a rectangle with side lengths 2 · 4
2n and

2 ·
(
1→ 4

2n

)
; for the first qubit these two sides are inter-

changed with respect to the other qubits. This rectangle
is a square for n = 3.

This construction thus yields a simple n-qubit family of
real-valued tetrahedral bases with rectangular symmetry
in the local Bloch planes.

VI. HIGHER DIMENSIONS

A natural question is whether the group-theoretic
construction underlying the EJM admits a meaningful
extension to higher local dimensions. Ref. [17] proposed a
generalization consisting of an orthonormal basis in Cd↗
Cd that maximizes the single-party distinguishability of
the basis vectors, meaning that the d

2 reduced density
matrices on one subsystem are as far apart as possible
in trace distance. Geometrically, this corresponds to
the reductions forming a regular simplex in the space of
density operators. When the reductions are pure, this
condition defines a symmetric informationally complete
measurement (SIC-POVM). For d = 2, the optimal basis
coincides with the two-qubit EJM.

Explicitly, for every dimension d where a SIC-POVM
{|εj,k↓}dj,k=1 exists, Ref. [17] defined the two-qudit basis

∣∣∣ω(d)
j,k

〉
=

√
d+1
d |εj,k↓ ↗

∣∣ε↓
j,k

〉
→ q e

iω
∣∣”+

d

〉
, (37)

where ·↓ denotes complex conjugation in the compu-

8

Local encodability
Local tetrahedral symmetry
Low localization cost

Family of tetrahedral measurements

Two qubit EJM

Three qubit EJM

Localizability 
problem easier

Low localization cost

Summary


